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EFFECTS OF PROMPTING STUDENTS TO USE MULTIPLE
SOLUTION METHODS WHI LE SOLVING REAL -WORLD
PROBLEMS ON STUDENTSS6 S EREGULATION

Kay Achmetli Stanislaw SchukajlopAndré Krug

University of MlUnsterGermany

In the project MultiMa (Multiple solutions for mathematics teaching oriented toward
st ud e nregulationy wed ihvestigated the effects of prompshtgdentsto use
multiple solution minods while solving realvorld problems on their learning. In this
quastexperimental study, we compared three treatment conditions. In one condition,
students solved realorld problems by using multiple solution methods. These
solution methods consisteflasolution using a table and a solution using differences.

In the other two conditions, the same readrld problems were solved using only one

of the methods. About 307 ninth graders from twelve middle track classes took part in
this study during fourlessons. Before and aftea t eachi ng uni t
selfregulation was tested.

INTRODUCTION

The development of multiple solutions is an important component of school curricula

in different countries. Encouraging students to use multiple solution methpas/es
student sdé mat hemati cal knowl edge. Howe
i nfluence of the use of mul-regulgionewhishasl ut i
crucial for lifelong learning. As solving realorld problems is an important part o
mathematics education, we chose this type of task to investigate the effects of
prompting students to use mu-tequiatphwhiles ol u
solving realworld problems.

THEORETICAL BACKGROUND
Selfregulation

Boekaerts (2002)afinessedfr egul ati on as Astudentsodo at
by systematically generating thoughts, actions, and feelings at the point of use, taking
account of the | o eregllatiands divided intoathreg main parts:u s ,
l)sudentsb6 orientation toward the attai
feelings, and actions that can help them to attain these goals, and (3) working toward
the attainment of their goals. It is further set within the framework of local conditions

Selfregulatory processes can be acquired from and are sustained by social as well as
self-sources of influence. Zimmerman (2000) describes four developmental levels of
self-regulatory skills. The development of sedigulation begins on the first level,
which is called an observational one. On this level, learners vicariously observe and
imitate skills from a proficient model. On the level of emulation, learners imitate these

2014. In Nicol, C., Liliedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 -1
of PME 38 and PMENA 36,Vol. 2, pp.1-8. Vancouver, Canada: PME.
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skills with social assistance before they can work independently under structured
conditions on the next level (the level séltcontrol). A selfregulated level is
achieved when learners can flexibly and systematically adapt their performance to
changing conditions.

Multiple solutions and selfregulation

Heinze, Star, and Verschalf (2009) claim that the ability to use multiple
representations (or multiple solution methods) and to flexibly switch between a range
of representations is a critical component of the skills needed to solve mathematical
problems. Recently, some experinmanstudies were carried out to identify the

i nfluence of prompting students to cons
mathematics (Rittldohnson & Star, 2007). Students who developed two solution
methods for the same task outperformed sitslevho developed one solution at a
time. Comparing two solution methods for the same problem or presenting two
solution methods wusing different probl
Students who developed two solution methods were mor®liéexi their choice of the
appropriate solution method. In addition, Grof3e and Renkl (2006) state that reflecting
on various solution methods helps learners to apply methods more flexibly and
effectively. Furthermore, Tabachneck, Koedinger, and Nathad)189nd that it was

more effective to employ a combination of strategies than to rely on a single strategy
for solving algebra problems. Flexibility and adaptivity are important parts of
selfregulatory skills. Prompting students to construct multipletsmis can improve

their flexibility and adaptivity and thereby also improve their-segfulation.

The influence of prompting students to construct multiple solutions while solving
reatlwo r | d probl ems wi t h mi s s i #wegulatiomwa® r ma |
investigated in the study by Schukajlow and Krug (2012). The results showed that,
while controlling for seHregulation on a prgest, students in the condition in which
multiple solutions were prompted reported significantly higherregj@ilation orthe
posttest than students in the condition in which they were instructed to develop one
solution only.

Multiple solutions, modelling, and selfregulation

We distinguish between three types of multiple solutions that can be constructed in
solving realworld problems (cf. a similar approach by Tsamir, Tirosh, Tabach, &
Levenson, 2010). First, multiple solutions may result from variability in mathematical
solution methods. The second type of multiple solutions can be developed if students
have to mak assumptions about missing data and thus arrive at different
outcomes/results. The third one includes variability in mathematical solution methods
as well as in different outcomes/results. The effects of prompting the second kind of
multiple solutions ons t u d e n-tegulationsweere xamined by Schukajlow and
Krug (2012). In the current paper, we explored the effects of prompting the first type of
mul tiple sol ut tregwlasonon studentsdé self

2-2 PME 2014
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The important activities that need to be implemented wmitalelling consist of
simplifying a complex situation that is presented in the task, mathematizing, and
working mathematically to reach a mathematical result. While solving avaréd
problem, there are several ways in which the learner can simplify rtigem,
mathematize, or work mathematically. Solution methods can b®pral or formal

ones while the outcome/results stay the same. Whereas formal solution methods are the
final stage in a genetic development,-fyanal solution methods refer to a tan

basis of formal argumentation, but are codified in afoomal way (Blum, 1998).

To illustrate a solution process and to exemplify twefprenal solution methods, we

wi | | analyze the solution of the task
frameawvork of the project MultiMa. First, the problem solver has to understand the
problem ABahnCardo and construct a mod
situation needs to be simplified and structured and the important values need to be
identified. These values are the costs per year for each card and the amounts for the
outward and return journeys that would be paid using each card.

BahnCard

Mr. Besser lives in Hamburg. His parents live in Bremen. For the outward and return
journeys with the “Deutsche Bahn” (German Rail), Mr. Besser has to pay 100 €.
There are two special offers, the so-called “BahnCard 25" and the “BahnCard 50.” °
The prices for each year and the prices for the outward and return journeys from
Hamburg to Bremen for owners of the “BahnCards”™ are listed below.

BahnCard 25 BahnCard 50
Price per year: 59 € Price per year: 240 €
Price for the outward and return journeys: 75 € Price for the outward and return journeys: 50 €
Number of customers: 3.1 million Number of customers: 1.6 million

Mr. Besser is going to buy a “BahnCard.” When is it worth buying the “BahnCard 25” and when the “BahnCard 507?
‘Write down your solution.

Figure 1:Modellingt as k A BahnCar do

Next, the simplified situation needs to be mathematized, and different mattematic
solution methods can be applied to solve the problem. One solution method that can be
applied-fioy mal ipoéuti on method wusing d
reatworld problem using differences, one has to understand the meaning of the
important values and to transfer information between reality and mathematics several
times. Whereas the nBab®WCand mboe expkd:
ABahnCard 25,0 each outward and return
500-25 Wremexpensive than with the fABart
calculate a difference for the costs per year and a difference for the cost per journey as
well as to interpret the mathematical results. The question is how often one has to take
atripwitht he mor e expensive fiBahnCard 500 wui

pay off. This is exactly after 7.24 (=
be interpreted f or exampl e, AFor wup to 7 journ
cheapekd and validated. Another way -fomalsol v

PME 2014 2-3
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olution method wusing a table. o6 Studer
umber of journeys per year (e.g. 1, 3,
BahnCaraln®5t he ABahnCard 50,0 compare
f journeys owners should take the fABah
which offer is preferable for a certain number of journeys.

This analysis of ol wihnogwst htewot awsakyridii B aoh
problem. Specifically, using different solution methods leads to the same result.

O St oW

Being able to choose between different solution methods grants problem solvers the
ability to solve tasks more flexibly and monitoethown solution process. Therefore,

we assumed that similar effects as by Schukajlow and Krug (2012) could be found in
our present study in which we prompted another way to provide multiple solutions to
reatworld problems: multiple solution methods (MSNKH addition, we assumed that

the effects on selfegulation would not differ between our one solution method (OSM)
conditions.

RESEARCH QUESTIONS

1. How many solutions will students develop in the M&bhdition and will there
be differences in the numbefrsmlutions developed between the M&ndition
and the OSMconditions?

2. Wi | | s t u-kgulatiors differ a@drding to the opportunity to develop
multiple solution methods? In particular, will students in the M&Mdition
report more selfegulationthan students in the OSkbnditions?

3. Wi || s t uwrequlationsddfer betwledn the different types (i.e., table vs.
differences) of prompted solution methods? More precisely, will there be
differences in the reported sglérceptions of students in tks&SM-conditions?

METHOD
Design and sample

307 German ninth graders (48.26% female; mean age=14.6 years) were asked about
their selfregulation before and after a teaching unit (see Figure 2). The teaching unit
consisted of two sessions: the first and secessons as well as the third and fourth
lessons. Four schools with three middle track classes each took part in this study. Each
of the twelve classes was divided into two parts with the same number of students in
each part. The average achievementthentwo parts did not differ, and there was
approximately the same ratio of males and females in each part. There were three
di fferent treat ment conditions fAmul tip
met hod (table)o (OSM1l) | féaedenoas) 8ol 06
school, there were six different groups, which were evenly assigned to the three
treatment conditions. Furthermore, each part of a class was assigned to a different
treatment condition. In total, there were 24 groups: eightuggoin the
MSM-condition, eight in the OSMtondition, and eight in OSM2ondition. The
students in MSM, OSM1, and OSM2 were taught in different classrooms.

2-4 PME 2014
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+| Task1l Task 2 Task 3 Task 4 Task 5 | Task 6 |+
MSM
Pre-Test Post-Test
*| Task1l Task 2 Task 3 Task4 | Task 5 | Task 6 | Task7 |~
OSM1 and OSM2

Figure 2: Overview of the study design

To implement the treatment, which consisted of solving real world problems using
different solution methods, three teaching scripts were developed. Six teachers who
participated in this study received these scripts with all tasks to be administered and a
detailed plan for each teaching unit. Each teacher taught the same number of student
groups in each treatment condition, so
did not differ between conditions. In each lesson, at least one member of thelresear
group was present to videotape and to observe the implementation of the treatment.

Treatment

In the recent study, we used the stuemaritered learning environment from the
DISUM project, which was complemented by direct instructions for the teaghihg

In all treatment conditions, the same methodological order was implemented for the
first session. In the first session, a teacher first demonstrated hewa@lproblems

can be solved using one specific method (in the @®Ntitions) or using muftle
solution methods (in the MSidondition). Then students solved tasks using the
demonstrated solution methods according to a special kind of group work (alone,
together, and alone) and discussed their solutions with the whole group in the
classroom. Theeacher summarized the key points of each treatment condition.
Furthermore, in the MSMondition, the teacher emphasized the development of two
different methods.

In the second session, four problems were solved in the-Gflditions and three

tasks wereaddressed in the MSldondition by applying the same kind of group work.
After the fourth task in the MSMondition, the teacher highlighted and summarized
the |ink between the two methods and f o
for one or theother solution method, whereas in the O8bdMditions, an additional

task was given. Finally, in the MSEbndition, students had the opportunity to choose
their preferred solution method to solve the last two tasks and discussed their choice in
the classromn.

Four out of six tasks given in the MSbtbndition required the development of the two
solution methods: AUse two different s
down bot h s ol utconditors, studehtsnsoled aesta@&diversion of
this task (see e.g. Fig. 1) using the demonstrated solution method.

PME 2014 2-5
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Measures

After the second and third lessons, students were asked to report theagakdfion

using a 5point Likert scale (1=not at all true, 5=completely true) before and after a
teach ng unit (see Figure 2). The sampl e i
own goals that | would |i ke to achieve.
from the longitudinal PALMA study (Pekrun et al., 2007). Reliability values

( Cr o nshApltahfdr seHregulation were .66 and .75 on the-pest and postest
respectively. The number of solutions developed (0=no solution; 1=one solution;
2=two solutions; 3=more than two solutions) was estimated by two independent raters
for 20% of the asks. The values for interat e r agreement ( Coh
between .89 and .94.

RESULTS

For statistical analysis, we usetksts, and examined that our data met the statistical
assumptions for applying t hese tasst s.
heterogeneity of variance for some measures. For these tests, we used the adjustec
values for degrees of freedom anghtues.

Number of solutions developed

First, we investigated how many solutions were developed across all problems in the
MSM-condift on. The analysis of studentsd ans
not solve any of the posed problems, 5% of the students used one solution method, and
94% used two or even more than two solution methods. Thus, nearly all of the students
in the MSMcondition used two or more solution methods (mean=1.92, standard
deviation SD=0.25) as intended in our study. In the @®Mkditions, students did not

or rarely used two or more solution methods (mean=1.01, SD=0.08 and mean=1.04,
SD=0.24). The -tests (MSMO S M1 : t(116)=34.0; p<0. 00
d=4.97 and MSMOSM2: 1(194)=25.2; p<0.001; d=3.61) indicated that there were
highly significant differences between the numbers of solution methods that were used
in the respective conditions. These resu#tgealed that nearly all students will use
multiple solution methods while solving reabrld problems if one prompts them to

do so.

Multiple solutions and selfregulation

To examine the influence of prompting students to use multiple solution methods
while solving reawor | d probl ems -regulatiors twa canpdresl 6 ¢
self-regulation on postests while taking into account the respectivetpst measures.

The ttests indicated that there were no significant differences between the
MSM-condition aml the OSMconditions (MSMOSM1.: t(185)=0.33; p=0.78 and
MSM-OSM2: t(169)=0.36; p=0.72). Thus, students in the M&Mdition did not

report more seifegulation on the pogest than students in the OSddnditions when
controlling for selfregulation on th@re-test.

2-6 PME 2014
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_ Pre Post Adjusted post
Selfregulation
mean (SD) mean (SD) mean (SD)
MSM 3.64 (.59) 3.47 (.63) 3.47 (.57)
OsSM1 3.60 (.67) 3.48 (.73) 3.50 (.58)
OSM2 3.62 (.57) 3.54 (.70) 3.50 (.56)

a Adjusted by the pretest.
Tabl e 1: Sdgulationan the gieted, @dstiest, and adjusted petsst.
Different solution methods and seHregulation

To investigate the potential impact of prompting students to use different types of
solution methods (i .e. , Itragbldtien, wesompadced f f €
self-regulation in the onsolution conditions on the petdsts, taking into account the
pretest measures. The adjusted piest means for sefegulation in the two
OSM-conditions were identical with just a minor differenoehe SD. A itest showed

that there were no significant differences between -regiilation in the
OSM-conditions (t(170)=0.36; p=0.97). Thus, in the present study, we were able to
confirm our as s umpgdgulaton doeshnat diffes acabrd) éorthe s 0 ¢
type of solution method applied.

DISCUSSION

The results indicated that there were significant differences in the number of solutions
developed between the MStbndition and the OSMonditions, as intended in our
recent study. Furthermore, tiearvas no difference in the impact of prompting different
solution methods onthesqgifer cept i o n s -regblatient Howleeen, tvesd@l s e
not find any effects of prompting stui
self-regulation. Although propting the use of multiple solutions has previously been
shown to increase flexibility (Ritttdohnson & Star, 2007) and also selfulation
(Schukajlow & Krug, 2012), we could not find any effects of prompting students to use
multiple solution methods oselfregulation in the recent study. One explanation for
this result may be that students in the M8dhdition were not instructed to use certain
solution methods according to the specific task but were rather instructed to use their
preferred method toodve all tasks of this type. The highest level of setfulation in

Zi mmer manos hiieffrlaexihlally oawndér systemat.i
performance to changing conditionsvas not achieved in the MSkbndition. The

ability to choose a solution metth based on individugltask, and contexspecific

criteria is an important part of being flexible and adaptive (Heinze et al., 2009). These
criteria should be taken into account in future studies.

Compared to the results by Schukajlow and Krug (2012), where significant differences
I n st u dregulatisndvers feund, students did not have the opportunity to make
assumptions about missing information and to apply their assumptions to the task. Th
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|l ack of autonomy could be a reason for
self-regulation in the current study
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AN ANALYTIC FRAMEWOR K FOR DESCRIBINGTEACHERS 6
MATHEMATICS DISCOURS E IN INSTRUCTION

Jill Adler, ErlinaRonda
University of theWitwatersrand

We illustrate an analytic framework for
(MDI). MDI is built on three interacting components ofraathematicdesson: a
sequence of examples and related tasks; accompanying talk; patterns of interaction.
Togethe these illuminate what is made available to learn. MDI is grounded
empirically in mathematics teaching practices in South Africa, and theoretically in
sociccultural theoretical resources. The framework is responsive to the goals of a
particular researchand professional development project with potential for wider use.

INTRODUCTION

Recent reviewsf research on mathematics teacheraching and teacher education
evidence thgrowthof this work(e.g. Sullivan2008. In their reviewof such research

in thirty years of PMEPonte & Chapmar§2006 conclude with a call for future
research that attends to fAéi nheacomplexi ve
relationships among various variables, situations and circumstances that define
teachersdé activitieso (p. 488). The fra
Our central concern is a framework that illuminates the complexity ohitaac
mathematics in ways that are productive in professional development reaadrch
practice a frameworkhatcharacterise teaching per se, across classroom contexts and
practicesand capture shifts in practice.

The framework we present developedhmtthe Wits Maths Connect Secondary
Project (WMCS), a fiveyear research and professiodalelopmenproject aimed at
improving the teaching and learning of mathematics in ten relatively disadvantaged
secondary schools in one education district in SoMthca, through ongoing
engagement with what we have come to de
the teaching of a mathematics lesson aseguence of examples/tagkehich we
distinguish below), and thaccompanying explanatory tatktwo commongaces of
mathematics teaching that occur withparticular patterns of interactiorin the
classroom. In previous work in WMCS and a similar project in primary schools, we
conceptualised MDI to examine coherence within a task, and so between the stated
prodem or task, its exemplification or representation, and the accompanying
explanations; and more recently to examine coherence across a sequence of
tasks/examples and accompanying explanatory discourse within a lesson, and in
relation to the intended objeat learning (e.g. Adler & Venkatprthcoming. It was

our empirical data that emphasized the need for coherence, and teaching that mediates

2014. In Nicol, C., Liliedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 -9
of PME 38 and PMENA 36,Vol. 2, pp.9-16. Vancouver, Canada: PME.
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towards mathematics viewed as a network of scientific concepts (Vygotsky, 1978), and
so towards generality (Wats@&Mason, 2006), and objectification (Sfard, 2008).

There are clear commonalities with other frameworks, particularly aspects of the
Mathematical Quality of Instruction (MQI) framework (Hill, 2010) and that of Borko

et al (2005), both of which include attttion to language/discourse (depending on their
orientations to language), and to justification and/or explanation. In particular we share
the concern of MQI to foreground the importance of generality in mathematics, and so
what mathematically is made ahadle to learn. Neither pay attention to examples, and
so the specificity of example/task selection. This is a key element of the MDI
framework, and we hope the elaboration that follows below illustrates its salience.

SOCIAL CONTEXT

tiscommoncausei@out h Africa today to hear t ha
Learner performance in local, national and international comparative mathematics
assessments are poor across levels, and while explanations increasingly acknowledge
system wide failure,cani der abl e &ébl amed is placed
mathematics teachers (Taylor, Van der Berg, & Mabogoane, 2013)

Of cour se, Teachersodéo MDI I's only a par
which performance is produced, not least of Whesocial class and related material

and symbolic resources in the school. That said, our concern from both a research and
professional devel opment perspective |
implicated in what is made available to learn. In thgonitg of schools in South Africa

(as is the case in schools serving disadvantaged learner populations in many parts of
the world), schools provide the sole sites of access to formal learning. Within this,

| earnersd6 access to maibematriocagh ktadar hk
Understanding how teachersd MDI support
want to be able to describe whether an:i
ways, and how MDI iselatedto what is made availébto learn in school.

SOME THEORETICAL ROOTS AND RESOURCES

MDI has its roots in analytic tools developed for describing the constitution of
mathematics irmathematicgeacher education practice (e.g. Adler & Davis, 2006).
Based on Berndt eivnadsu aitn ing hits tihkeey t o
p. 36), and following Daviso6 elaboratic
judgment (Davis, 2005), we described three key features of mathematics pedagogy
(school or teacher education). First, for gthing to be learned/taught, it has to be
presented in some form. In mathematics, this is always a representation rather than the
thing itself, one that as yet has to be invested with particular mathematical meanings.
What then follows is reflection on #hi 6 o b gemiatit Mediation so as to fill out

its meaning. At some point reflection will need to end, and meaning fixed as to what
can/ does count as Il egitimate with respe
Is not sufficient for linked esearch and development. In the first year of WMCS
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(2010), we observed that teachers typically selected, sequenced and explained some
examples for the announced focus of a session, often with poor levels of coherence
between the example and its elaboratenmd/or across a sequence of examples. Many
lessons began and ended with teacheacted whole class interaction. In some lessons
there was opportunity for independent learner work on set problems. Across classroom
contexts, opportunity for learner idets enter the discourse varied from none to
substantive, with the former dominant.

The detail of our responsive professional development practice is not the focus here.
Our position was that we needed to start where we all were teachers themselves,

and their weloiled practices; and the project team, with its goal of enhancing
opportunities to learn mathematics. We constructed a simple framework foregrounding
the intended object of learning: improved coherence, in our view, rested firstly on
apprecation of that which was to be learned. We found further resonance with the
work on examples (e.g. Watson & Mason, 2006) and variation theory (e.g. Runesson,
2006) as resources for bringing the object of learning into focus. This broad framing is
operationh i sed i nto an analytic framework f

AN ANALYTIC FRAMEWOR K FOR MDI

Table 1 below presents the framework. It is not possible here to elaborate it in full, nor
illustrate it in detail. We briefly discuss each of thmalgtic resources, and how we

have assigned levels in the example and explanation spaces constrnciesising
generality in examples; increasing complexity in tasks; towards objectified talk in
naming; and towards generality and use of mathematiegitinhating/substantiating

T and with respect to participation, towards increasing opportunity for learners talk
mat hematically, and teachersdé increasin
this framework through a WMCS Grade 10 Algebra lesson

Our unit of study is a lesson, and units of analysis within this, an event. The first
analytic task is to divide a lesson into events, distinguished by a shift in content focus,
and within an event then to record the sequences of examples presentedeiach
example becomes a sabent, as illustrated in Table 1 below. Our interest here is
whether and how this presentation of examples within and across events brings the
object of learning into focus, and for this we recruit constructs from variationytheor
(Marton & Pang, 2006). The underlying phenomenology here is that we can discern a
feature of an object if it varies while other features are kept invariant, or vice versa, and
different forms of variation visibilise the object in different ways. Varratiorough
separationis when a feature to be discerned is varied (or kept invariant), while others
are kept invariant (or made to varg@intrastis when there is opportunity to see what is

not the object, e.g. when an example is contrasted with aexemple; fusionis
experienced when there is simultaneous discernment of aspects of the object is
possible; and generalisation is possible when there are a range of examples in different
contexts so that learners can discern the invariaatsexpanded form of separatio

These four forms of variation can operate separately or together, with consequences for
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what is possible to disceinand so, in more general terms, what is made available to

| ear n. Il n WMCS we are interestedensing ane
of examples within an event and then across events in a lesson, and then whether anc
how, over time, teachers expand the example space constructed in a lesson.

Object of learning T mediation towards scientific concepts
Exemplification Explanation Learner
Examples Tasks Talk/Naming Legitimating criteria Participation
Examples Level 11 Carry Level 171 Level INM (Non- Math) | Level 1
provide out known Colloquial Visual: Visual cues or | i Learners
opportunities | operations and | language mnemonics answelyes/no
within lesson | procedure.g. including Metaphor:Relates to guestions or
for learners tg multiply, ambiguous features or characteristi¢ offer single
experience | factorise, solve | referents such | of real objects wordsto teachers
Level 1- Level 27 Apply | as this, that, | Level 2M (Math) (Local)| unfinished
separation or| level 1 skills;& thing, torefer | Specific /single case sentence
contrast learners have to | to objects (reatlife application or | Level 2
Level 2- any | decide on (explaii Level 21 Some| purely mathematical) | iLearners
two of choice of) math language| Established shortcuts; | answer (what/
separation, | operation and /or| to nameobject, | conventions how) questions
contrast, and | procedure to use | componenbr | Level 3M (General, in phrases/
fusion e.g. Compare/ simply read partial) sentences
Level 3 classifymach string of equivalent Level 3
fusion and representations | symbols when | representations, Learners answel
generalizatio | Level 37 Multiple | explaining definitions, peviously | why questions;
n concepts and Level 3- Uses | established present ideas in
connectionse.g. | appropriate generalization but discussion;
Solve problems irf namesof math | explanation unclear or | teacher revoices
different ways; objects and incomplete, confirms/ asks
use multiple procedures principles, structures, | questions
representations; properties but
poseproblems; unclear/partial
prove, reason.etc Level 4M (General full)

Table 1 Analytic framework formathematicatliscourse innstruction

Of course, examples do not speak for themselves. There is always a task associatec
with an example, and accompanying talk. With respect to tasks, we are interested in its
cognitive demand in terms of the extent of connections between and among concepts
and procedures. Hence, in column two we examine whether tasks within and across
events require learners to carry out a known operation or procedure, and/or whether
they are required to decide on steps to carry out, and/or whether the demand is for
multiple caxnections and problem solving. These three levels bear some resemblance
to Stein et aldéds (2000) distinctions be

With respect to how explanation unfolds through talk, and again the levels and
distinctions have been emigially derived through examination of video data, we
distinguish firstly between naming and legitimating, between how the teachers refer to
mathematical objects and processes on the one hand, and how they legitimate what
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counts as mathematics on the otlfr@r. the latter, we have drawn from and built on the
earlier research discussed above, toget
endorsements as key elements of mathematical discourse. Specifically, we are
interested in whether the criteria thacs transmit as explanation for what counts is or

IS not mathematical, is particular or localised, or more general, and then if the
explanation is grounded in rules, conventions, procedures, definitions, theorems, and
their level of generality. Withregdr t o0 nami ng, we have pai
discourse shifts between colloquial and mathematical word use.

Finally, all of the above mediational means (examples, tasks, word use, legitimating
criteria) occur in a context of interaction between thecher and learners, with
learning a function of their participation. Thus, in addition to task demand, we are
concerned with what learners are invited to say i.e. whether and how learners have
opportunity to use mathematical language, and engage in maitemeasoning, and

the teacherds engagement with | earner g

A LESSON

The illustrative lesson, as stated by the teacher, is a Grade 10 revision lesson on
algebraic fractions leading to a focus on the operation of division of algebraic
fractions.The lesson consists of five events, with a new event marked by a new key
concept in focus. The first event focused on a review of the meaningeohan an
algebraic expression. The teacher presented six examples of expressiang(g8p

in increasing complexity, with each next example of an expression produced by her
performing an operation on the present expression. The task for learners wato ag

to the number of terms in the new expression. The second event reviewed a common
factor using just one example of a binomial expression. Event 3 signals new work. The
teacher presented a sequence of four examples{aiits) of algebraic fractions. &h

task was simplifying (through factorization) the expressions in each of the numerator
and denominator to produce a single term. Complexity increased in terms of the type of
factorisation required in successive examples. The task in events 4 and 5igias div

of algebraic fractions. The examples in event 4 were of positive algebraic fractions
only and event 5 included examples with negative algebraic fractions. We illustrate the
use of our framework through detailed analysis of Event 4, particularigsuit 4.3.

in the box on the following page

Our analysis of Event 4 shows the Teacher operating at Level 3 with respect to
examples, Level 1 with respect to tasks (which remain at the level of learners carrying
out known procedures), and interaction (lemsnanswers yes, no gquestions, and
provide words/phrases in response to teachers questions on what to do). With respect
to explanatory discourse, the teachero
referents, move on to rephrase using mathematicgluége to name objects and
processes, and thus at level 2; criteria shift between emphasis on visual features of
expression, conventions, with some reference to structure and generality and so across
levels 1- 3.
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Event 4: Sukevents 4.1 4.4 Examples and tasks
T writes example 4.1 on the board, asks questions mainly requiring yes/no answers, comp
sentences by learners in unison, leading to the solution. Occasionally learners respond with
or sentence towahator howquestion. Anywhyquestion she answers herself. Examples 4.2 an
follow the same form. The transcript extract below details the talk leading to the solution f
Example 4.4 is then given for learners to do independently.
1 E £x _ ix ci_gn  x® Rt BT S s C A L o I
! 4.2 ax  dAr 4.3 v = 4.4 i4x-2 xioy 1
Examples: Level 3- Variation is by separation, generalization and fusion. The structure (
division of one fraction by another is kept constant and terms varied (Separatic®) rdinge fron
simple to complex; from numerical to algebraic. Eg 4.4 extends to three fractions and a
(Generalization). Egs 4.3 and 4.4 require associating common factor with fraction division (F
Tasks: Level 1- Perform the indicated operaiis to simplify expressions
SubEvent 4.3 Talk and legitimating criteria
Analysis of explanatory talk highlighted as follovitslics for colloquialandunderlining for formal
languageandbold type for criteria/legitimations;
1 . T :ondandithe same thinghey give yousomething like thigwrites symbols on board).. x
cubed minus x squarethe whole thing over, ovéour divided by x squaredvereight...ok?
2.Ls: Yes

4.1

3. T: Sane and thesanmncepd GOverhere(points to number 4 { f—:) ) you justhave
two numbers, a fraction divided by a fraction, ok?
Ls: Yes

4. T:Over hergpointing back to 4.3) ihe same thing | 6 | =
h e r enk sfraction divided by one fractiofcircles each 2
fraction). So the examiner is just making your life difficult, o

5. T: So....what are we going to dwer her@ (points to first
fraction) ;
6. Ls (some): we are going to divide -
7. T: ..remember the rulethat we learnover ther€ (points to £
similar expression, Event 2,factors obtained to simplify fract |
8. Ls: Yes.
9. T: For before we can go and dividéjat must | do?

10.Ls: Take outhecommon factar
11.T: Take outhecommon factgrok?

12.Ls: Yes
13. T: So, thesame thing applies here. It is everything that you, that you have learned, but tf
put it into one thing to make it | ook a I
14. Ls: Yes

15. T: Sq over herave need theommon factar Why? Becaus@e want to have one, one ternat
the topand one termbelow ok?

16. Ls: Yes

17. T: So, what isommon factoto thetwo term®

[18-36]inot shown; 1 ncdhiarege r tefifiefronsedivigiondo imoltiplitation

37.T:So, you justapplythes ame principl e, itdés Just t hi
and saywhat must | dohere? Because | know ternige this(points toﬁﬁ_%}, | cannot just...gq
and sayhis (pointing tox* — x*% divided bythis (points to 4) ...ok?
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38. Ls: Yes
39. T: Make sure that you have goie termat the topandone ternmbelow So from here | can, whq
must | do? ¢é

[T, together with Ls and with similar interactional pattern, produce the answer.]

Talk: Level 2717 Uses some math language (emg3) to name individual components or simply r¢
string of symbols when explaining

Legitimation: Level 1 Reference to visual features (e.g. In 3, 4, 13) bedel 2M (Local)

Established shortcuts; conventions (e.g. Ins 7, 10, 11, 3Q)emed 3M (General) Makes referencs
to structure/principle but not clear due to naming (e.g. In 37)

Event 4: Interaction pattern

Interaction pattern: Dominantly Level 1 Ls answer yes/ no quest
unfinished sentenc€ccasional Level A.s answer what/how questions in phrases or sentenc

DISCUSSION

Our MDI framework allows for an attenuated description of practice, prising apart
parts of a lesson that in practice are inextricably interconnected, and how each of these
contribute overallo what is made availabletolearn.ltea di nat es fvari c
situations and circumstanceso of teach:t
much room for the teacher to work on learner participation patterns, as well as task
demand (andhiese are inevitably inteelated); at the same time her example space
even in sukevent 4.3, evidences awareness of and skill in producing a sequence of
examples that bring the operation of division with varying algebraic fractions into
focus, hence thealue of this specific aspect of MDI. While not within scope here,
contrasting levels in earlier observation of this teacher indicates an expanded example
space and more movement in her talk between colloquial and mathematical discourse.
The MDI framework $ thus helpful in directing work with the teacher (practice), and

in illuminating take up of aspects of MDI within and across teachers (research); e.g.
our analysis across teachers suggests thaugakath respect to developing generality

of explanationss more difficult. We contend further that content illumination through
examples is productive across pedagogies and so across varying contexts and practices

The MDI framework provides for responsive and responsible description. It does not
produce a desiption of the teacher uniformly as in deficit, as is the case in most
literature that works with a reform ideology, so positioning the teacher in relation to
researcherso6 desires (Ponte & Chapman,
manywouldrefet o as a oOtraditional &6 pedagogy.
structured by more open tasks, indeed across ranging practices observed.

CONCLUSION

In this paper we have communicated the overall framework, and illustrated its potential
through analysis of selected project data. What then of its wider potential? While we
have suggested this in pointing to our use across a range of practice in owedata,

recognize that MDI arises in a particular context. Its potential beyond the goals of the
WMCS project needs to be argued. Analytic resources are necessarily selective,
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reflecting a privileged reading of mathematics pedagogy. We have made these visible
and explicit, and hold that its generativity lies in their theoretical grounding.
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MATHEMATICAL COMPETE NCIES IN AROLE -PLAY ACTIVITY
Giovannina AlbanpAnna Pierri

Di parti mento di |l ngegneria dell 61 nforn
Applicata, Universita di Salerno

This paper concerns a competendiesed analysis of the outcomes of a ey

activity aimed to foster conceptual understanding of mathematics for first year
engineering students. The teacher role has been considered in order to investigate the
competencies addressed by the questions created by the students and their matching
withtheactvi y6s educati onal goal . The anal ys
guestions made by the students highlights the moving from the instrumental approach,
the students are used to, towards a relational one.

INTRODUCTION

In this paper we focus on the aysb of the outcomes of a repgay activity aimed to
foster conceptualunderstanding of mathematics for first year engineering students.
The design of the activity was suggested from the fact that, during some interviews,
some students ascribed their pperformance tstrangeandunexpectedjuestions.

This suggested the idea to support the students By@ntime restricted activities
based on rokplay, which actively engage them and induce them to face learning
topics in a more critical way. Studeiat® expected to play the role of a teacher in order
to force thento ask questions

In the following we are going to investigate the outcomes produced by the students and
to discuss the findings with respect the goal of the activity. We have used the Niss
competencies framework (2003), also referred by the European Society for
Engineering Education SEFI (2011), to analyse the questions created by the students
assuming the teacher role. Our research questions were:

a. what competencies are addressed by thestipns posed by the students?
b. does the posed questions address relational knowledge/conceptual understanding
rather than instrumental ones?

Finally, we try to draw some ideas for further work concerning the other roles played
by the students.

THEORETICA L BACKGROUND

Competence in mathematics is something complex, hard to define which requires the
students not only knowledge and skills, but at least some measurable abilities, which
Niss namescompetenciegNiss, 2003). He has distinguished eight charastieri
cognitive mathematical competencies. The following table lists them in two clusters:

2014. In Nicol, C., Liliedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 - 17
of PME 38 and PMENA 36,Vol. 2, pp.17-24. Vancouver, Canada: PME.



Albano, Pierri

The ability to ask and answer questio The ability to deal with mathematic:
in and with mathematics language and tools

[1] Mathematical thinking competency [5] Representation competency

[2] Problem handling competency [6] Symbols and formalism competency
[3] Modelling competency [7] Communication competency
[4] Reasoning competency [8] Tools and aids competency

Table 1: Cluster related to cognitimethematical competencies

Mathematical thinking competentycludes understanding and handling of scope and
limitations of a given concept; posing questions that are characteristic of mathematics
and knowing the kinds of answers that mathematics may effe&anding the scope of

a concept by abstracting and generalizing results; distinguishing between different
kinds of mathematical statements (theorems, conjectures, definitions, conditional and
quantified statements).

Problem handling competenagcludes pssessing an ability to solve problems in
different ways; delimitating, formulating and specifying mathematical problems.

Modelling competencincludes analysing the foundations and properties of existing
models, and assessing their range and validitygdiag existing models; performing
active modelling in given contexts.

Reasoning competencycludes understanding the logic of a proof or of a
counterexample; uncovering the main ideas in a proof, following and assessing
ot her 6s mat h e mavsingc andl caryma@ sub informaj) and fbrenal
arguments.

Representation competentyludes understanding and utilising different kinds of
representations of mathematical entities; understanding the relations between different
representation of the same afijechoosing, making use of and switching between
different representations.

Symbols and formalism competenosiudes decoding symbolic and formal language;
understanding the nature of forma mathematical systems; translating back and forth
between symbati language and verbal language; handling and manipulating
statements and expressions containing symbols and formulas .

Communication competenadync|l udes understanding oth
different linguistic registers; expressing oneself at cifié levels of theoretical and
technical precision.

Tools and aideompetencincludes knowing and reflectively using different tools and
aids for mathematical activity.
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EXPERIMENT SETTING A ND METHODOLOGY

The setting is a University with ay&ar BSc degeein Electronic Engineering and first

year students taking part in a two trimester intensive modules in mathematics. Our
research focus on the second module, which concerns topics from linear algebra and
calculus. The module has ten hours per week in -taface traditional
lectures/exercises sessions, supported by-laaraing platform which provides the
students with various learning resources and communication tools. The experiment has
been performed with voluntary students, who were liked to be iaddlv a massive

and more interactive use of théearning platform.

From the viewpoint of the theory of mathematics education, the online experimental
activity, we are going to describe, can be framed withinthe aol | ed 0di s c
approach (Kieran eal., 2001). The activity is based on rglly and has been
organized as follows. The course contents have been split into different parts and each
part into as many topics as the involved students. For each part a cycle of activities
based on rokplay has been created. Three topics have been assigned to each student,
corresponding to three roles played by the student. Each cycle took nine days, three per
role. For thdirsttopic t he student acts as a teache
learning ® he/she has to prepare some suitable questiah$east six questions. For

the second topicthe student has to answer to the questions prepared by a colleague.
Finally for thethird topic, the students again acts as a teacher, checking the correctness
of the work made by the previous two colleagues. At the end of each cycle, the files
produced by the students were revised by the teduotwr of the course and the
revised files were made available to the students. All the produced worksheets were
storedin a shared area of the platform in order to be available to all the students.

A COMPETENCIES-BASED ANALYSIS

I n the following we want to analyse st
framework of the above Niss competencies. The methodol@glfasthe analysis has
been adapted from Jaworski (2012, 2013).

Let us see some examples (the number in the square brackets refers to the table 1).
In the first role we find questions asking for:
The definition of some concepts involved in the topic atake

Ql: AWhat is an Euclidian space?0
Q2: A Wh i do differergiable isxo A O
Q3: AGi ven t,hé,}d\spucnvBite v =yt é +.u,for suitable

(X1, € ) X ‘" to..?0
Q4: AWhich relation does exisytachkeetowe en

We note the different formulation of the first two questions, which refers to different
expectations and then different competencies. While in all the cases the expected
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answers require the student to recognize and the scope and limitation of the
mathematical concept [1], in the second case the ability to deal with mathematical

| anguage seems to be stressed [5, 6, 7]
students to answer using for instance only formal language, reproducing a defnition i
a textbook; guestions such as Awhich m

which allow the student to use various mathematical representations, including verbal,
to understand formal language and to translate it to verbal language and finally to
express oneself mathematically in different ways. The third question refers to the span
property of a basis. It requires the students to includes to handle symbolic expression
[6], recognize the concept/property [1] and knowledge its scope and limitations [1]
The fourth question, instead, concerns the scope and the limitation of the two concepts
at stake [1], but it also requires to make connections between them, recognizing for
instance if and how one extends the properties of the other class of objects.

The understanding of the steps in a given proof

Q5: Al n which steps of the proof the |
Q6: AWhy the Lagrange thxxhfr2om i s appl i€
Q7 : N T h ey'(® ga(g toriwhich theorem has solution ia,[p] ? 0

The above questions refer to proof of theorems seen by students during lectures and
available in their textbooks (Q5differential theorem, Qb dimension theorem, Q7
Cauchy problem for differential equations). All of them require the studesitefiall

the ability to understand already existing chain of logical arguments in order to prove a
statement starting from fixed hypotheses [4]. Moreover, questions such as Q5 require
the student to make his own chain of arguments in order to justipiplecation of a

given theorem [4] and also to express himself mathematically [7], whilst questions
such as Q7 require to make connections with previous knowledge to justify a statement
in the proof. Finally, we note that, in order to answer the queststmdents need to
recognize some mathematical concepts (homomorphism in Q5) and to understand their
scope and limitation (Lagrange theorem in Q6) [1].

S5

The recognition of the main ideas in a proof
Q8: NAWhich are the mainntsitelpst hemortehm? @@r

Q9 : Aln the proof of the Steinitz | emn
prove the thesis?

Both questions refer to the ability of uncovering the central ideas in given proofs [4].
At the same time the answer requires the stuadent bne hand the ability of express
himself mathematically in different ways [7], also using verbal language, and thus it
requires the capability to understand symbolic language in formal proof and translate
in verbal language [6]. Moreover, the answe@Q®requires the student to connect the
existence of noitrivial solutions of a suitable homogeneous linear system to the
existence of noitrivial solutions of the vector equation in the definition of linear
dependence of vectors [1].
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The construction of their own proofs:
Ql10: Al n the proof of the Steininfa | emr

Ql1l: Aln the proof of the differenti al
apply the Lagrange theorem are verifiec

Ql12: d(nsl)diffeerRt i abil ity equivalent to co

The above first two questions refer to the ability of constructing informal and formal
own arguments in order to justify and make clear some steps in a given proof [4]. This
require the capability of handling and maulating symbolic statements and
expressions and switch between them and verbal language [6] and the ability of
express himself at a certain level of theoretical and technical precision [7]. The
difference between the two questions seems to be a greatalifg of Q11 with
respect to Q10, made evident by the wus
weights of [6] and [7] for each of them. The last question requires the student to
identify the scope of the equivalence between differentiabilitycamtinuity’ just R

[1] T and it is expected that the student is able to prove the true implication and to give
a counterexample in the other case [4, 7].

The conversion among various semiotic representations

Q13: Aln the Cauchy@s eppo g swgorwahpyhdilic anlele
Q14: AExplain in words the Cauchy probl
Ql5: AWrite the Cauchy problem (in matt

The above questions refer explicitly to the ability of using different kinds of semiotic
representation systems ofathematical entities, including verbal language, and the
capability of passing from one to another, which is the Duval conversion process
(Duval, 2006). Even if we have already noted that such process is implicitly required in
other questions, here ittlse main focus and it seems us important since Duval states
that such capability has to be trained and suggests to make such kind of explicit
activities. The preequisite of such questions concerns symbol and formalism
competency and the answer to Q13 @1idl requires communication competency.

According to the methodology shown by the above examples, all the questions made
by the students has been analysed and for each of them the addressed mathematice
competencies have been individuated. The followildetaesumes the outcomes of

this analysig L* refers to linear algebra topics and C* to calculus ones.

The course setting does not make use of tools, so the related competency has not takelr
into consideration.

Looking at the outcomes, we can note that tjuite predominant competencies
addressed by the questions concern the ability to ask and answer questions in and with
mathematics, in particulahinking and reasoning mathematicallyinterviews have

give evidence that it depends on the teacher roleeglay the students, which have
emulated the way their teachers act with them during exam sessions.

PME 2014 2-21



Albano, Pierri

Competency L1 L2 L3 L4 L5 L6 L7 L8 C1 C2 C3 C4 C5
Topic

Thinkingmath. 3 7 6 5 11 9 5 5 3 6 6 3 4
Problemsolvingl 2 1 1 5 0 2 1 0 0 3 1 2
Modelingmath. 0 1 0 O O O O O O O O O O
Reasoningmatr3 1 4 3 0 5 2 3 2 8 4 1 O
Representaton 4 1 0 O O 5 0 0 2 0 1 4 5
Symbols 6 2 0 0 0 5 2 0 O 2 1 5 3
Communicaton 6 8 10 6 10 13 8 6 6 7 6 9 9

Aidsandtools - - - - - - - - - - - - .

Table 2: Analysis of mathematical competencigsasingquestions

Moreover, also theommunicatiorcompetency is strongly addressed, for the nature
itself of the activity which requires the students to express mathematically each other.

Considering theabove remarks, we can state that most of the questions address
relational knowledge/conceptual understanding rather than instrumental ones, and thus
the goal of the activity seems to be achieved from our point of view.

This conclusion has been also supediby:

T studentsdé6 feedbacks, whi ch reports
because it has all owed them to be i
to understand the educational goals which are more conceptual than
instrumental;

1 st ud eanks & the next exams, which have obtained a better advancement,
due to the fact that this kind of activity has given the students a sort of
guidance for the organization of their study, providing time constrictions,
topics to revise, indications of thelevant activities.

Moreover, the students report thatgk questionsave helped them to study in a more
critical and deeper way, with greater care, because it is not simple to pose a question
due to the fact that there is no method to do that. Atdhm=gime, the request of a
certain minimum number of questions on a topic requires to range over all the
programme, not only concentrating on the specific and restricted topic but also paying
attention to all the other linked topics. It is also interestingote that some students

has used this role to make critical points clear (posing as questions exactly their own
doubts). Finally we noticed some roagnitive aspects such as the trend to pose non
trivial questions, also for pride reasons, and thigéaqsired the mastery of the topics.
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CONCLUSIONS AND FUTURE WORK

In this paper we have began to analyze the outcomes of-plaglactivity aimed to
foster conceptual understanding of mathematics for first year engineering students.
The analysis has begrerformed using the Niss competencies and SEFI framework
and has concerned the work of the students in the teacher role.

We plan to continue the analysis of the second role, in particular we are interesting to
see what competencies are addressed by angwer the posed questions and its
matching with the expected competencies revealed by the questions.
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USING THE PATTERNS-OF-PARTICIPATION APPROA CH TO
UNDERSTAND HIGH SCHOOL MATHEMATICS TEACH ERS 0
CLASSROOM PRACTICE IN SAUDI ARABIA

Lyla Alsalim

Simon Fraser University

In this paper, patternsf-participation theory serves as a lens to interpret and
understand Saudi hi gh school mat hemat i
reform movement and the role the new textbooks play in influencing teachers practice.
The data presented is about Haya and Nora, two experienced, high school
mat hemati cs teacher s. Generally, Nor a¢
mathematics teachers veals patterns of tension and confusion with regards to
understanding the current reform movement in Saudi Arabia.

INTRODUCTION

One of the main goals of most education reform initiatives has been to change
teacherséo cl assroom prfam tcurriceas focusd&sha  mc
hi ghlighting teacher practices that pr
mathematics alongside the changes in content (Tirosh & Graeber, 2003). Changes to a
teacheros role that are incl call mdmoren t
research in order to understand and t hi
Saudi Arabian education system has undergone major changes in the past decade.
Government agencies involved in education have introduced new policiersisn
programs, and curricula with the expectation that teachers incorporate the changes
seamlessly and without consideration of existing beliefs and practices. My main
research goal is to gain a better understanding of how high school mathematics
teaches in Saudi Arabia are coping with recent education reform including how their
practices are changing in response to the changes that are happening in the educatior
system in general, and specifically, to the introduction of the new mathematics
textbooks. h this article, patternsf-participation (PoP) (Skott, 2010, 2013) approach

will serve as a lens to interpret and understand Saudi high school mathematics
teachers6 practices during the current
play in influencing teachers practice.

Textbooks in mathematics classroom:

For a long time, school mathematics has been associated with textbooks and
curriculum material (Remillard, 2005). According fbrends in International
Mathematics and Science StydyMSS), texbooks and documents such as exercise
resources for use in classrooms as teaching aids, remain important elements in
mathematics classrooms in many countries. Textbooks play an important role in
shaping the curriculum experiences of mathematics (TIMSS 20y fact is

2014. In Nicol, C., Liliedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 - 25
of PME 38 and PMENA 36,Vol. 2, pp.25-32. Vancouver, Canada: PME.
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especially true in Saudi Arabian high schools. Textbooks provide teachers with a basic
outline for thinking about what mathematics should be taught, when, and how. In 2010,
the Ministry of Education introduced new mathematics textbookspringary, and
sometimes only, resource for teachers. The Ministry sees this initiative as a major step
towards creating change in teaching practices.

In Saudi Arabia textbooks have official status cleaéffeccting official curriculum.

The new approved nfamatics textbooks in Saudi Arabia are based on the curricula
published by McGraw Hill Education learning company. According to the ministry of
education in Saudi Arabia, the new mathematics curriculum aims to (a) help students
to develop higheorder matlematics thinking skills, (b) develop ways of mastering
these skills, (c) construct a strong conceptual foundation in mathematics that enable
students to apply their knowledge, (d) make connections between related mathematical
concepts and between matheicatand the real world, and (e) apply mathematics
logically to solve problems from daily life (Ministry of Education of Saudi Arabia,
2013).

Traditionally, curriculum materials or textbooks have been a center agent of policies to
regulate mathematics ptaxe in ways that parallel instruction with the reform
perspective (Remillard, 2005). Textbooks are often the main resource for students and
teachers in the classroom, offering the everyday materials of lessons and guiding the
activities teachers and studs do. As a result, educational policy makers use
textbooks as an essential means to decide what students learn (Battista & Clements,
2000).

Research on teachersod curriculum use fo

with, draw on, referto,andr e i nfl uenced byo curricul
their lessons (Remillard, 2005, p.212). While effective student learning is one expected
outcome of textbook use, the devel opme

additional desired outcomBesearchers have only recently started to shed the light on
the impact of curriculum materials on teachers and how teachers use them (Remillard,
HerbelEisenmann, & Lloyd, 2009). The focus of how teachers interact with and use
curriculum materials has nobeen always considered significant to studying
curriculum. Historically, research about school curricula relied mainly on examining
the textbooks to restructure the contents of classroom practice (Love & Pimm, 1996).
Reform efforts in mathematics educatare the product of curriculum development
supported by standards adopted by the National Council of Mathematics Teachers
(NCTM, 2000). Teachers face the demand of applying new curriculum materials, and
adopt new conceptual and pedagogical approachesath teew standaredsased
curriculum (Remillard, 2005).

THEORETICAL FRAMEWOR K

Skott (2010, 2013) introduced PoP as a promising framework, which provides
coherent and dynamic theoretical understandings of mathematics teacher practices.
Skott bs ( 2i0@divatiorRi® dedlppingthis framework was to overcome
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the conceptual and methodological problems of belief research. Although some
researchers such as McLeod and McLeod (2002) note that there has been significant
advancement in the study of beliefdaaffect in mathematics learning, the progress

can be more noticed in relation to theoretical aspects, researchers still call for more
extensive studies to assure that progress exists in the quality of instruction. However,
Skott (2009, 2013) views the t&dr more work to do, after all what has been done, in
the field for beliefs research as a neg
Is still conceived of as a promising field of study. Phrased negatively, however, its
still-promising chareter suggests that after 20 years of persistent effort, the field has
stil |l not | ived up to the expectations

The challenges and complexity associated with beliefs research has led some
researchers, such as Skott (2009, 2013) and Gates (2006), to call for more social
approaches to beliefs research. Gates (2006) indicates that there is a need to take ¢
social apprach when studying teacher belief systems because it will shift focus from
cognitive constructs. A change toward sociological constructs will balance existing
views about the nature and genesis of beliefs. Skott (2010) also supports this view
indicating tha taking a context practice approach by adopting PoP as a framework
provides more coherent and dynamic understandings of teaching practices.
Furthermore, it will help in resolving some of the conceptual and methodological
problems of a belié¢practice aproach while maintaining an interest in the mistes

that constitute the field of beliefs.

The social approach of research in mathematics education has progressively promoted
the notion that practice is not only a personal individual matter; it scinsftuated in

the sociocultural context. Although the relationships between individual and social
factors of human functioning have generated much debate in mathematics education, it
Is mainly in relation to student learning (Skott, 2013). Therefore,i®aRheoretical
framewor k that aims to understand the
social factors. To a considerable degree, PoP adopts participationism as a metaphor for
human functioning more than mainstream belief research. Therefrejraws on the

work of participationism researchers, specifically Vygotsky, Lave and Wenger, and
Sfard.

Skott (2010) initially developed the patterofsparticipation framework in relation to

teacherséo beliefs. However , ntiapproachrtd e r
understand teacherso6 practices, Skott
knowledge and identity. Research on teachers has mainly focused on studying three
relatively distinct domains: teaafhter so
some incoherence that negatively infl ue
classrooms. Skott presents PoP as a coherent, participatory framework that is capable
of deal ing with matters wusual | ywledgec e d

beliefs, and identity.
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METHODOLOGY
This paper is part of an ongoing study that intends to develop more coherent
understandings of Saudi hi gh school m

current reform movement. The data presented in thierpgpmes from two
experienced high school mathematics teachers Nora and Haya. Nora has 13 years of
experience teaching mathematics in public and private middle and high school in Saudi
Arabia. She has a Bachelor degree of Science with a specializaticathenatics.

Nora has never taken any education courses. Haya has 10 years of experience in public
high school. She has a Bachelor degree of Education with a specialization in
mathematics. The education courses Haya had in university focused on genesal issu
related to teaching, such as lesson planning and classroom management.

| conducted a 6®ninute, semsstructured interview with both participants. | invited
them to reflect on their experiences with mathematics and its teaching and learning
during theiryears of experience. During the interview, they expressed their views
about the recent reform movement in Saudi Arabia. | also asked them to reflect on their
experience teaching mathematics using the old and new textbooks. Interviews were
audio recorded ahtranscribed. As used by Skott (2013), | used a qualitative analysis
approach based on grounded theory method.

DISCUSSION

Being a teacher in an era of educational reform

Nora shows her deep personal commitment to current educational reform in Saudi
Arabia. She believes that the pace of educational reform has been increasing at the
global level and Saudi Arabia needs to join the global movement of education reform.
She emphasizes the need to be reasonable and fair when we talk about recent reforrr

efforts.She expl ai ns, Areform is one of the
interested in educational issues in Saudi Arabia...but we have to admit, changing is
di fficult and complicatedo. Il n the int
movemerns depends, at | east I n part, on t
perceptions of the teaching practice and their role as teachers, and the demands of the
reform movement . She states that Acr ea

motivated tedc e r 0 .

Haya on other hand has more skeptical view abut recent reform movement in Saudi
Arabia. She states, Al think reform i de
somet hing. These ideas wusually are not
argues that many teachers are confused when it comes to understanding the goals of the
recent reform movement. She blames the Ministry of Education for this confusion. She
explains that, on one hand, the Ministry introduces new mathematics curricululm whic
they claim will change the culture of mathematics learning in schools towards a focus
on reasoning and problem solving, but on the other hand, the Ministry established new
standardized tests for high school students which maintains a traditional
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teachercentered and exafmased educational environment. She claims that the
ulti mate teaching objective Awas and st
recent reform movement failed to change this objective.

New mathematics textbooks impact

Nora expreses that before the introduction of the new textbooks, she was very
enthusiastic. She believes that the new textbooks are generally better than the old
textbooks. She also believes that the new textbook supports student learning and
creates more positivend engaging environment in the classroom. However, Nora
indicates that she feels isolated and unsupported in her use of the new curriculum
materials. She states, fivVery often | ha
wher e | ¢ an 6Shecbmplaids thatithe Mieistrgod Education did not take
teachersdé preparation of the use of thi
the only other resource she has besides the teacher's guide is her communication with
other mathematics teaaisan her school. Conversations Nora has with other teachers
provide support and a rich resource fo
the new textbooks, Nora and her colleagues started talking more about teaching
mathematics.

Nora commentsalmwt her teaching using the new
new textbook could offer a better learning experience to the student.., | am not sure if |
am using it effectively.. .|l O0ve been t
textbooks, but sometme s | feel t hat changes are
indicates that the textbooks motivate her to reflect on her own teaching practice. She
explains that teachers need to learn not only from textbook but also from their own
teaching practice.

Nora argues that one of the most positive aspects about the new textbooks is that many
of the activities ask students to explain and express their understanding. Nora says that
her students find it difficult to put their understanding into words becauseatkey
simply not used to talking in the mathematics classroom as they do in other classes.
However, Nora indicates that some of the activities presented in the textbook do not
make sense. She explains, A honesot | vy ¢
wh at I do in the c¢classroom al/l t he til
eliminating the authority of the textbook on her practice.

Hayaods unsettling sense of confusion r ¢
remarks. While she inchted that the new textbooks are better than the old textbooks,
she is sceptical about the impact these textbooks could have on teaching practice. Haya
believes that most mathematics teachers have outdated perceptions of mathematics
teaching and learningnd merely changing the textbooks is not going to change
teachersdé perceptions. She expresses
societyds high expectations towards t e:
these expectations.
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When Haya desibes her teaching practice after she started using the new textbooks,
she explicitly indicates that change is something she thinks about more than she
actually applies in her classroom. She explains that sometimes her classroom seems
more interactive anéngaging, but what students actually learn is very limited. She

al so criticizes the new textbooks bec:
mathematical ability levels. She thinks the textbooks are designed for students with
strong mathematical skl but students with low skills find many activities of the
textbooks confusing.

What does it mean to do mathematics?

During the interview, Nora discusses the issues of classroom culture around what it
means to fAdo mat hemat i cascommonShltare ib schoble v e
mathematics which views doing mathematics as sitting quietly at a desk, finishing a
worksheet, using the textbook as a main resource and turning in the completed work
prior to class ending. T h denge ¢his old lasting b o o
cul ture., Nora comments on the textbookd
are connected with real life situations. She believes that the textbook surely make some
positive transformations compared to old textbooks, whiamplsi delivered
mathematical concepts in a very isolated manner. However, she also indicates that
making the connection is not always easy.

Both teachers consider examinations as being powerful force in forming and directing
how teachers and studentsdantae mat i cs. Doi ng mat hemat i
extremely influenced by studentsd achi e
school students care most about doing well in school exams and standardized tests.
She explains herjobas ateaclserit o hel p her students fdkn
Haya also comments on some activities in the textbook which encourage students to
explain their understanding and justify their solutions. She indicates that she tries as
much as she can to include thesgivities in her classroom practice, but at the same
time, she claims that high school is too late to start encouraging students to master
these types of communication skills in the mathematics classroom.

RESULTS AND CONCLUSION

Both teachers show thaaommitment to the profession and express their concern for
doing what is best for their students. They both indicate that the content and structure
of the textbooks changed significant/l
achievement and tests marks significant to the classroom practice of both teachers.

Al so, Noradés and Hayadbs practice as hidg
of tension and confusion with regards to understanding the current reform movement
in Saudi Arabia. The lack oupport and guidance both teachers received before and
after the implantation of the new textbooks has a negative impact on their use of the
textbooks in their classrooms. Both teachers developed a sense of isolation in the
current reform movement. Also, paf the tension both teachers are experiencing
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comes from their struggle with eliminating the authority of the textbook in their
practice.

Both teachers have developed a sense of obligation and stress to improve their teaching
practice. Nora seems moretivated about improving her teaching practice; she uses
the new textbook as a tool for se€lifected professional development. The different
perspective the new textbook offers about mathematics learning encourage her to
reflect more on her teaching pract e . Al s o, Norads i nterac
her school is significant to her classroom practice.

Haya on the other hand appears less motivated about the making changes to her
teaching practice. It seems that her perceptions on teaching anddearaibeing
compelled to change in order to keep up with reform demands. She is uncertain about
the meaning of the change and has some resistances to making changes in her practice
With her struggles to make some changes in her practice, her conceptieashing

and learning mathematics seem to remain the same. Although she indicates she was
very supportive about the implementation of the new textbooks, a sense of uncertainty
about the value of the new textbooks started to emerge in her practices.

Understanding the patterns in the ways in which the two teachers participate in these
practices and contribute to their constant reconstitution and renegotiation of their
teaching is a complex task. Using the data | collected from the interviews, | w&s able
get a sense of some of the practices t
participation. However, to develop a b
mathematics teachers, more data is needed. The use of multiple operwsearvi
combination with observations of classroom and stadim interactions may allow
access to practices and figured worlds beyond the classroom (Skott, 2013). Skott
(2013) also suggest that Ateachero6s nail
and informal collaborative activities with her colleagues; and about discursive
mani festations such as the reformd pro
teachers bring to their classroom practicesg®).

h
€
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PARENT-CHILD MATHEMATICS:A STUDY OF MOTHERS
CHOICES

Ann AndersonJim Anderson

University of British Columbia

Research on mathematics found in O6ever
often relies on analysis of parechild talk during studies of social interactions and/or
literacy events more generallyn Icontrast, from the outset of the current study,
parents were aware that mathematics was the focus of study and that each of them
would determine the activities to be vidaped in their home. In this paper, we report

on the types of activities six middilass mothers perceived as opportunities to engage
their preschool child with mathematics. Analysis also included the patterns found
within and across families. Overall, the mothers documentedialagd events, many

of which were common across fouroome homes and entail ec
mathematics. Parental styles of mathematical engagement are discussed.

BACKGROUND

Gifford (2004) argued that the for mal é
development of early mathematical competdma®not been well documented. While

we know children enter school with considerable mathematical knowledge, we know
much less about the ways in which parents and significant other family members
support them in developing that knowledge prior to schoalctMof the recent
research, i nto young childrendés mat he m:
family relies on parent reports (e.g., Lefevre et. al. 2009) or observations of
parentchild interactions during activities or tasks, using materialsigeavby the
researchers (e.g., Vandermd&eler, Nelson, Bumpass & Sassine, 2009; Anderson,
Anderson & Shapiro, 2005: Ander son, 1
engagement in mathematical activities at home demonstrates considerable diversity
acrass families in terms of the frequency and types of math, although findings across
studies indicate that families tend to emphasize counting and number concepts (e.g.,
Anderson, Anderson & Thauberger, 2008). Of particular relevance to the current study
arethe few studies (Walkerdine, 1988; Aubrey, Bottle & Godfrey, 2003; Trudge &
Doucet, 2004), which investigated parenh i | d i nteractions
occurringdé events at home through audi c
these studies,lthough researchers identify the mathematics evident in activities and
events or in parerthild interactions, it is unclear whether the parents construed the
activities as mathematical. In contrast, in the present study, we were interested in
having parets identify the activities that they believed were examples of ways in
which they engaged their young children in mathematics. Thus this study investigated
the types of activities parents view as contexts for mathematics learning, and the ways
in which theactivities evolved when parents knew the focus of the study was on

2014. In Nicol, C., Liliedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 - 33
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parentchild mathematical activities and events and the interactions that occurred

t herein. We do c isekeetedimatiiematicakaetinitiessinthe somtext of
their home, prowing insight into the nature of activities that mothers perceive as
opportunities to engage their preschool child with mathematics. By asking participants
to identify and document mathematical activities and events in the home, the current
study augmentsrpvious studies, which rely on parent reports alone. Likewise, unlike
studies where researchers provide the materials and tasks for the parents and children
the current study observed the ways in which the panaid dyads constructed
activities using esources found in their homes.

Our research is informed by sodstorical theory (e.g. Vygotsky, 1978; Wertsch,
1998) and the notion that learning is social, as well as individual. Children learn to use

t he Acul tur al t ool soO s uammunitg sand rodtardh e ma
inter-psychologically as they are guided and supported by parents and significant other
peopl e. As they practice using these |

children learn to use them intpsychologically or independently.

METHOD

Six families were recruited from an unaffiliated Child Study Centre located on a
university campus. The children (5 girls, 1 boy) were two and a half years old at the
beginning of the study. The parents were veellicated, middle to upperniddle class,
andlived in relatively affluent neighbourhoods adjacent to the university campus. On
mutually convenient occasions spread over two years, we videotaped-glaldnt
dyads (4 mothedaughter, 1 fathedaughter, 1 motheson) participating in everyday

Oat ebomvents of their choosing (e.g., ©b
earlier, we i nformed parents at the ou
early mathematics in the home. At the beginning of each home visit, the mother
designatedhe shared activity that was to be videotaped. Four of the families were
video taped by the same research assistant, who remained the field researcher for the
duration of the study. Two of the mothers opted to carry out their own videotaping, an
option mae available to all parents. The number of video taped sessions varied across
the families (i.e. 410), with all sessions lasting at least 15 minutes.

To analyse the data, we viewed the videotapes of each family three times, and wrote
comprehensive notesudng each viewing. We then transcribed each videotaped

session for each family in its entirety. The first author read the transcripts three times,
referring to the initial notes each time so as to provide thorough documentation and
understanding of eactpisode. Each transcription was then analysed in terms of the

types of activities and events in which each family engaged. Patterns across and within
families and similarities and differences across activities and events were determined.
Secondly, parenthild interactions were analysed according to the extent to which

mathematics was explicitly present in the interactions as the activity evolved. For that
analysis, we used five a five point scale, namely mathematics was deemed: (a)
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prevalent b) a major fosuc) an equal focus with other aspects d) a minor focus or e)
Il ncidental throughout the activity, frc

RESULTS

Because each mother individually identified the activities and events to videotape
without consulting any other parpants, diversity across families was anticipated.
Overall, 44 specific activities (e.g., playing Snakes & Ladders; viewing Photos) were
documented. When these were clustered according to general defining features (e.g.,
board games; family time), thirteeategories emerged (see Table 1). Eleven of the 13
categories contained activities chosen by at least half of the mothers. The most
common categories were puzzles, pretend play, board games, story time, family time
and playing with toys. Closer examinatioevealed that the activities chosen were
mainly those we intuitively associate v
pi ctur es) -loomepartcipationdnofamilyardutines (i.e., baking cookies)
with minimal examples of schodtike activities. Indeed, these mothers predominately
chose to videotape adudhild play of one sort or another.

As might be expected from the design of the study, each videotaped activity within the
categories was unique to the parent, child and materiatdvath. For instance, the
Onumber d puzzles that the Adam (pseud:
incorporated puzzle pieces with a numeral fitting onto a background space showing the
same number of objects. On the other hand, the jigsaw puzzlesdHitrim family

used involved a picture broken into a number of irregular, interlocking pieces. Such
contrasts | ed us to consider to what e
mathematical features of some materials marketed to homes. We lalneietivity
6conventional 6, when numerals, shapes ¢
(e. g., BI NGO) and o0l ess conventional &
not deemed key to the typical use of the material (e.g., Hungry Hippos).sfaly
revealed that about ofmparter of the activities (11), which the mothers chose to
videotape, involved commercially produced mathematical materials, while over half of
the activities (27), were characterized as less conventional, mathematically.

Finally, to describe the extent to which mathematics was explicit during the chosen
activities, we used apoint scale described earlier (See Table 2). For example, as the
Beet dyad played checkers, the mother often explained her moves and what might
happen itthe child moved one way or another. After a checkmate, the mother counted
the checkers, and on one occasion the child made (and named) a square with four
checkers. Here, counting and shape recognition were deemed explicit attempts to
include mathematics,ve r eas t he mot hero6s expl anati
too play the game. Thus we assigned d(d
but seems consciouso to best describe
play here. (See Table Beet, board gampe
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Category Each familydés activity
Adam Star Penn Pimm Liu Beet
Puzzles Number Jigsaw(2) | Jigsaw Number | Jigsaw
Play Store Stickers Pegboard | Traintrac | Tea party
ks
Board game | Snakes & Hungry BINGO Checkers
Ladders Hippos
Storytime Number &| Felt story Sounds of Matching
shapes board World objects
Family time Lunch Photos Videos Baking
Toys Traintracks | Cars Food/dolls | Pop up
Playdoh Sharing Happy face Making
pizza food
Physical Hopscotch Follow the Water
games leader sprinkler
Matching Cards:word Cards: Rods:
games numeral, images ATenq
dots family
School like Word Yearbook | Compu
problems entry ter
game
Songs 1,2,buckle | Row, row ABCs
my shoe your boat
Other games Dreydel Macaroni
Miscellaneous Penny
tracing
Table 1: Activities mothers chose to videotape
Activity Adam | Liu Penn Star Beet Pimm
Puzzle a a c e C
Play a b a d d
Board game | a a b d
Story time a e d e
Familytime d a e
Toys b e e
Playdoh a d d
Physical a e e
Matching a a e
School a a d
songs a e e
Other games a e
Misc e

a: Math is the core and goal of the activity.
b: Math occupies a major portion of the activity but was not the original goal

c: Math occupies an equaéart of the event, other aims and content are achieved.
d: Math occupies a minor portion of the activity but seems conscious.

e: Math is incidental or subtle for the most part and may/may not be apparent

Table 2: Activities ranked on a continuumméthematical involvement
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Once each activity/family was coded, the analysis revealed that while one mother
(Adam), chose the same type of activity each time, the other mothers chose activities,
which varied somewhat according to the explicitness of theamsdtics. In addition,

we were surprised to see that the f ami
continuum (See Table 2). That is, thes:¢
engagement whereby for two families (Adam, Liu) the majorfitthe activities video

taped were explicitly mathematical, for two other families (Pimm, Beet) the majority

of activities videotaped were incidentally mathematical and for the remaining two
families (Penn, Starr) an eclectic style of engagement was evident

DISCUSSION

Due to the small size and the homogenous nature of the sample, some caution is called
for interpreting the findings of this study. However, we believe the findings from the
study are significant and contribute to the literature on youngrclglch 6 s engage
mathematics at home. In previous research usingregedirts and surveys (e.g.,
Lefevre et. al.), families have reported similar activities as these mothers chose to
videotape (e.g. baking cookies; playing board games). Thus the @ic@yiprovides
further evidence of the Amyriad of ways
home environmentso (Benigno & EIl1li s,
mathematics development. However, although many of the families in the current
study engaged in playing board games for example, analysis revealed that families
played an array of board games with different affordances in terms of mathematical
learning. Thus the present study provides a more nuanced insight and understanding of
thesed keaforgr anacteil @ s (i . e. 6édoing puzzl esd)
mathematics learning.

That the mothers chose mainly play base
young chil drenos exposur e t o itlyndadactic d o e
i nteractionso (Benigno & EIIli s, 2008, |
current study concur with the majority (77%) of parents interviewed by Canon and
Ginsburg (2008) wh o beli eved Achil dr e
incor porated into their daily Ilivingo (p
from diverse backgrounds is needed to determine the extent to which this holds for
those outside the mainly Eufeanadian, middle class homes represented here,
especiallysince some cultural groups favour a more didactic form of teaching and
learning with an emphasis on rote memory.

Unl i ke the somewhat di chotomous #Ainstr
forth by Walkerdine (1988) and Aubrey et al. (2003) for mottteld mathematical
interactions, in the current study, at home mathematical activity appeared to fit along a
continuum as identified by thepfoint scale. Thus in addition to those activities at the
extremes where mathematics was core or mathematicsevdsntal, we documented
activities where mathematics played a major or minor role as well as those where
mathematics seemed equally important to-n@thematical goals or aspects of the
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activities. Looking across the six families, the results of thidystuggest that in
addition to mothers who take on a fiped
instrumental activity with their child, some mothers adopt a more eclectic style of
mathematical engagement than a dichotomous view permits us to see.r§€f, cou
remains to be seen if preferences seen in the video taped sessions reported here, will
prevail in other data sources (parent interviews, diaries) yet to be analysed or if an
eclecticism within all/l famil i e sverydag ht
practice is examined. While we concede that a continuum of parental practice
complicates our search for a definitive explanation as to how and why children enter
school with a range of mathematical knowledge, it likely better represents the
compkxity of the ways in which parents and children engage in mathematics at home.
Further research, which accounts for the breadth and depth of mathematical
experiences in families, I's needed to
mathematics learningrior to school.
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METRIC EQUIVALENCE I N INTERNATIONAL SURV EYS:
CULTURAL EDGES

Annica AnderssorLisa Osterling

StockholmUniversity

This is a critical methodological paper concerning the translation and cultural
adaptation processes of an international mathematics education survey questionnaire.
Metric equivalence concerns not only language, but also content and actiitissn

as indicators in the survey. We here focus the challenges when making cultural,
historical and societal considerations when adapting a survey to a new language and
cultural context. We conclude that the recommended back translation is not enough to
ensure metric equivalence when adapting surveys to a new country. Therefore, we
suggest an elaborated method for cultural adaptation. Regarding our survey, this
resulted in a survey translation that is better culturally adapted for respondents.

INTRODUCTIO N

The background for this paper is the now reflected and elaborated answers to an
Important question posed at the discussion after our presentation at PME37 (Andersson
& ¥sterling, 2013) : AWhat were your <cor

Cross-cultural surveys imply translations of questionnaires to new languages and
cultural contexts. To be able to compare results across the borders, the translations
need to obtain metric equivalence. The aim of this paper is to document and describe
the metlodology we developed for translating and adapting a questionnaire from an
AustralianAsian context into Swedish language and school culture. We here account
for our experiences and critical reflections after the translation and adaptation of the
internatian a | survey questionnaire within Th
| mportanto (Wi Fi) (Seah & Wong, 2012) ,
what students value as important when learning mathematics. Thisstaige
quantitative investigationonsists of a welbased questionnaire with 89 questions to

be distributed to 11 and dfear old students in 19 different countries. Our task was to
translate the questionnaire, into Swedish with possibilities to, first, research what
Swedish student valued, second, to be able to make international comparisons.

In a quantitative study, a good measure of values is hard to obtain (see Andersson &
Osterling, 2013). The problems can be compared to the methodology of attitude
surveys, where indicators of atfites are used instead of posing direct questions
(Sapsford, 2007). To obtain metric equivalence, it is crucial that an indicator indicates
the same value after a translation. We aim in this study to keep the metric equivalence
by conserving the intended amng of eah indicator after translatioklence, we need

to choose either culturally neutral indicators, if such exist, or we need to adapt
indicators that conserve the intended meaning across cultural borders.
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The WiFtstudy is based on value categoriemn different theoretical frameworks,
mainly mathematical values (Bishop, 1988) and cultural values (Hofstede, Hofstede &
Minkov, 2010). The value diversity meant a need to differentiate amongst the many
dimensions and layers of values that are portrayetie classroom. To give some
examples; Seah & Wong (2012) take the s

Wave project] from a sociocultural per :
sociocultural perspective may imply that values d¢an found in relationships,

| anguages and available discourses. Hof
core of cul tureo, explaining that cul i

cultural practices. Those practices can be what paraps do when fostering their
children, or what activities teachers choose to do in the classroom. How activities are
values is decided by the members of the cultural group.

The questions in the Wikburvey questionnaire consist mainly of activities from
mathematics classrooms. Respondents are asked to answer how important each
activity is when learning mathematics. The different activities were chosen as value
indicators in the Wikguestionnaire. Therefore, we need to address cultural practices

in the mathematics classroom to validate that the intended meaning of our indicators
was culturally stable. In this validation process, we used several methods: repeated
pilot tests, interviews with targeted students and educational and historical research to
undestand the cultural background of Swedish mathematics education.

Historical, Societal and Cultural Background of Swedish Mathematics Education

From the results of WiFstudy we will learn more about what students express as
important learning activitiesni mathematics. To obtain a cultural adaptation while
maintaining metric equivalence during translation, we needed deeper knowledge about
societal and historical facts that form mathematics educational practices. Otherwise, it
is hard to determine what va&ua value indicator indicates. To give an example,
Lundinbés (2008) work shows that when Sw
in 1842, teachers had to deal with a large number of children that were the first
generation attending school. The firstlgachoolbooks had two aims; to support the
learning of mathematics and support teachers to cope with disciplinary problems.
AThis need |l ed to the promotion of scho
simple mathematical problems, arrangeduohsa way that they (ideally) could keep

any student, regardless of ability, blisgnd thus quietf or any t i me spa
(Lundin, 2008, p.376). Mathematics was used as a medium for fostering children. The
School I nspect or @9 eodcu@sthat eaclaers aréstilfradymgant  (
textbooks when planning their teaching, hence trust the textbook to fulfil curriculum
objectives. Lundinds (2008) explanati ol
t he School | ns peltst dhisapgaichilar wdy2d M@gnising e s L
mathematics education is believed to support teachers in managiHhg@mogeneous
student groups so that each student can work according to his/her previous learning and
needs. It is likely that parents and studerseet mathematics classes to be conducted
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this way. Hence, working quietly ithe textbook has become part of the culture of
Swedish mathematics classrooms.

METHODOLOGY

As commonly practiced, the WHstudy Research Guidelines (not published)
suggested traslation and back translation as a way of obtaining metric equivalence.
However, after having done successful back translations, we conducted a pilot test of
the translated questionnaire with a sample of/d4rold students. It turned out that

there was @veral questions the targeted students did not understand. Therefore, we
needed to consider how we best could adapt the questionnaire to a Swedish context,
and how best choose contents and activities as indicators that Swedish students are
familiar with. Aback translation did not serve our purposes. We needed other methods
for the cultural and linguistic adaptation.

Exploring methods of cultural adaptation

Translation and back translation can be conducted to investigate problems in the target
text. However, this produces limited information of the quality of the targeti text
which also, as described, became our experience. Harkness, Villard & Edwards (2010)
criticizes the use of back translation as a standard method, drawing on research that
shows that appraisal of the target text directly is more efficient.

We explored, evaluated and adapted the guidelines for-coltssal research,
published by the Sueey Research Center (2010) . Har
TRAPD Team Transl ation Model 6 as curren
Translation, where two translators make two independent transla®ewsw, where

the translations are ogpared and refinedAdjudication, where the translation is
separated from review with focus on, amongst other things, a cultural adagrdtbn;

test and finallyDocumentation of every step in this process. A team should include
translator, reviewer anadjudicator. Adjudication is suggested to follow these steps;
linguistic mistakes in the translation process, cultural adaptation problems, questions
that do not work in the intended group and generic problems from the source version.
Each survey is uniguend we adapted this model to suit the circumstances of our
project. The frames of this project did not allow for hired professional translator or to
organize extensive pilot tests. But we had a team, consisting of three mathematics
t eac her s 0dreseaicheast Verused thendifferent stages iteratively, and went
back to new translations, reviews and adjudications. During this process, we added
scoping interviews with students as well as knowledge from earlier educational
research to improve the cuttl adaptation. Below we describe how this adapted
model was used to improve the quality of the translated questionnaire and to keep the
metric equivalence.
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RESULTS
Results from the adapted TRAPDprocess

Scoping interviews We needed to learn more abdww the intended group of
students themselves expressed their valuing and interpreted our questions.
Semistructured scoping interviews (Bryman, 2012) were hence conducted. In the
translation process, this was intended to help us use students wordin@ammdies in

our translation and to facilitate the understanding of the questions.

1% translation: In this stage, the translators, three persons in our case, made a close
translation of the Wikguestionnaire from English to Swedish.

1* review: Thetranslhkor s compared and reviewed eac
meetings to decide on the best translation. We focused at this stage to keep the
translation as close to the original version as possible for a successful back translation.

Back translation: Two persons, who had not previously seen the questionnaire,
conducted the back translation from the Swedish translated questionnaire to English.

1% adjudication: In our project, also the adjudication was a team work. We compared
the original and the backatnslated questionnaires and used colour codes to grade the
similarities/differences between them. Since thé&dnslation was close to the source
guestionnaire, the back translation was acceptably similar to the source questionnaire.

1* pilot test: In this pilot test, a group of 28 elevgrearold students were asked to
answer the questionnaire, and when doing so, indicating what questions they found
difficult to understand or interpret.

2" adjudication: When analyzing the pilot test, there were toany questions
students found difficult to understand. We concluded that we needed to improve the
cultural adaptation as well as the adaptation to the intended group. We looked up items
in research texts and in the curriculum to check for meaningful apdged activities

in a Swedish context. An example can illustrate the process so far:

Example Q9 f ocuses 0Mat he mattanslation, tHievias dashs 0 .

t r an s | Rebattat mdd onatéemadk, and the back transl
Afdbati ng mathso. However, when trying o
students out of 28 did not understand t
d e b at e s"badjiditatianmet ev2n we as adjudicators were sure about how such

a debate is enacted in the classroom. f
Guidelines (not published) classified as an indicator of valuing openness and
exploration. Mathematics debates is not an activity that is common in Swedish
classrooms, sout of what it is supposed to indicate, we tried to adapt the indicator,
and describe an activity that childrenut recognie. In the 2 translation, the
questi on waDBebaftecarochufldgasattadosningar i matematik ( De b at
and question mhematical solutions), a cultural adaptation so respondents can
visualize a situation while still relating to valuing openness and exploration.
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Documentationwas kept during the whole process of all the different versions of each
question. It supported our evaluation of the improvement of quality.

This process made us realize that translation and back translation is not a good
instrument to ensure metric egaignce when researching students valuing when
learning mathematics. We need to use other methods and decided to dake th
adaptation one step furth€onsequently we followed up the pilot test with interviews

of participating students in order to bettedarstand the intended meaning of their
answers to some of the questions.

Understanding respondentsod intended mee

Respondents obviously need to understand survey questions. Therefore, we asked
them how they interpreted the questions and what themdett meaning was when
answering our questions.

Example 2: According to the pilot test a large proportion of students valued Q36
APracticing with | ots of guestionso as
Sara, 11, did not. We discuss this resulparticular, since it aligns with research
results, which show that this is an important trait of Swedish mathematics education.

This question was not hard to understand or to translate. Still, we got contradictory
answers in the interviews. We wantedfited out what students valued when they
responded t h a tévafgenonaatt yorasndngayuppmijtar imgordant or

not. Sara, 11, expressed:

Interviewer: - Do you think you need to practise a lot to learn mathematics?
Sara: -Well,ifyouae al ready good at iité no!

Her reasoning and intended meaning of this response was more elaborated and very
di fferent from what we predicted. She
practice that much. However, later in the interview, she gusesxamples of
mathematical content one always needs to practise a lot, which is practicing the
timestables. She also recognises that there is a different learning process in learning
timestables from learning problem solving, but she cannot express shieatinds

i mportant for l earning problem sol vi ni
guestionso was fAdAneither I mportant nor
with | ots of questionso as an i1indicato

connections and reflections we cannot predict. Interviews with students allowed us to
discover some of those unpredicted responses, thus allowing us to problematize
conclusions from the data.

3" adjudication: We worked further on finding expressions armhaepts from
Swedish classroom contexts. We used previous educational and historical research, as
well as our years of experiences as teachers and teacher educators to find the bes:
expressions that could fit classroom cultures and the selected age drdlog o
respondents. At this stage, the team used all information we had gathered to reconsider
our translation and adaptation. We used results from the pilot test, from interviews,
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from a curriculum analysis and the back translation. This method allowed us
evaluate our translation from several perspectives.

2" translation: We moved away from our initial intention of keeping the target
qguestionnaire (the translated version) as a close translation to pass a back translation.
Instead, we put a lobf effort in analyzing what dtwvities that could be the best
indicators of the requested value. The use of indicators in the-$wBY has
previously been discussed by Andersson & Osterling (2013). We give an example to
show how we worked through the whole prexe

Example 2Q11 f ocuses AnNAppreciating the bea
mat hsi were not comprehensible for the
version we tried out was a close translation. In the 2nd translation we chose to give
exaopl es to il lustrate what fibeaUpplevaatnd r
matematik kan vara vacker (som moénster i konst, arkitektur och)natur ( Ex p e r |
that mathematics can be beautiful (like patterns in art, architecture and nature) and
Q60: 0 Undersoka gatfulla matematikexempel (till exempel kan du latt mata en
tredjedel av 9 cm exakt med linjal, men en tredjedel av 10 cm gar inte att mada exakt
(Exploring enigmatic mathematical examples (e. g. you can measure a third of 9 cm
exactly withyour ruler, but you cannot measure a third of 10 cm exactly). If those
guestions were to be back translated, a comparison would say that they are quite
different. But the intended meaning is easier for respondents to understand. Therefore,
this way of adpting questions to what is familiar of respondents cormsethie
intended meaning, and thus improves the metrnisvadence, since the new question
works as an indicator of the values intended.

To sum up, there were a large proportion of questions whenmaathematical content
and/or the mathematical activities in classrooms were not familiar to Swedish
elevenyearold students. There were also questions that could be interpreted
differently, due to cultural differences or due to individual experiencesngsh
respondents. Therefore, we made some clarifying examples, or even chose a different
activity, to try to improve the metric eq@lence and construct validity.

CONCLUDING DISCUSSION

Quantitative cross cultural surveys and assessments like TIMSS S¥ &de
increasingly important aspects of policy making decisions about mathematics
education. Those investigations pose the same questions in all countries, since the aim
Is to compare knowledge between countries.

Recognimg that there are historical @rcultural differences between participating
countries make it problematic to compare the assessed knowledge, since it is based on
the assumption that mathematical content is valued equally everywhere. The WiFi
study is different; it surveys what studehts nd | mport ant and doe
mathematical knowledge. But the survey still suffers from the same difficulties, that
we are ot sure if mathematics or mathetical activities are valued equally across the
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participating couatries. Translatinga questionnaire with questions about learning
mathematics does not imply only linguistic aspects. The indicators need to be
evaluated out of what mathematical content students recognize when being part of the
subje¢ of mathematics and what mathaical ectivities students from different
countries or cultures are familiar with.

The WiFi Research Guidelines (not published) suggested translation and back
translation. However we could conclude that a successful back translation is not
enough to ensure metriequivalence. Having our minds set on how to translate
questions so that they would suite the back translation resulted in a too close
translation, and respondents in the pilot test did not understand all the questions.
Therefore, a back translation didtrieelp us neither with the meaningfulness of item
content to each culture, or with the metric equivalence. Instead, an adapted
TRAPD-model (Survey Research Centre, 2010) gave us useful tools to improve the
cultural adaptation. However, a cultural adaptatt@annot be drawn too far without
affecting the instrument validity across languages. We had to pay careful attention to
maintain the metric equivalence in order to have the possibility of making
crosscul tur al compari sons orfthesMFirpobjech(Bealy v a
2013). From the results from a finished Wgtudy we can learn more about
differences between cultures and values in mathematics learning. However, our
dilemma is that at the same time, we depend on some of this knowledgedapéng

a proper questionnaire.

Until our larger research study shows us where edges of cultural values can be found in
mathematics education, we recommend the other seventeen teams within the
WiFi-project, or similar cross cultural projects, to reflect tbe translations and
cultural adaptations and maybe adopt and adapt further the team translation process.
Within the adjudication stages, there are rich opportunities to critically reflect on
cultural adaptations through interviews, pilot tests and pusviesearch to improve
metric equivalence in crossultural research.
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In this article we examine intuitions as they emerge in groupwotkities. We
provide a framework and a methodology to code various aspects of the activity, social

and mathematical. Focusing mostly on ¢
moves give rise to, and deter mirguethat st uc
I ntuition does not take place in the mi

but it arises from actions and reactions, in relationships with others and with artefacts.
Data from a 50 minutes groupwork activity of four grélstuwdents allows us to
further discuss our framework.

INTRODUCTION AND BAC KGROUND

Dewey (1938) states that intuitions and illuminations are not "part of the theories of
logical forms" (p.103). lllumination is the phenomenon of sudden clarification arriving

in a flash of insight and accompanied by feelings of certainty (see Liljedahl, 2012, and
references therein). Intuition, as well, is a form of thinking that provides the learner
with a sense of certainty (Fischbein, 1987): it is perceived as global (radrer th
analytical), coercive and sadfvident. Sometimes intuitions from everyday experience
contrast with mathematical knowledge and can impede learning: misconceptions are
such kind of intuitions (Fischbein, 1987).

Andra & Santi (2013) underline that intigihs are a way of establishing a relationship
between the learning subject and the object of knowledge, they are a mode of existence
of the consciousness which intertwines with perception, sensorimotor activity,
emotions (which provide the learner withemse of likelihood of success, see Roth &
Radford, 2011), and mathematical generalization. They conclude that intuitions can
start in a private, individual moment, but it is in the communitarian self (Radford,
2012) that they develop towards mathematicahegalizations. If so, which is the
relationship between the individual moment of illumination (see also Liljedahl, 2012)
and the emerging of shared intuitions in the communitarian self, which can develop
into mathematical deductive forms of thinking amdying? In order to answer to this
question, we have developed a methodological framework (Liliedahl & Andra, in
press) that helps us capturing and decoding the turbulent undercurrents of groupwork
mathematical activities. After briefly presenting the feamork that informs our
research, we apply it to the analysis of an episode in a-§rat#ss working on basic
concepts in probability. We will discuss illuminations that emerge and develop in the

2014. In Nicol, C., Liliedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 - 49
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social interactions, as well as how they iftelate withother modes of existence of the
consciousness.

FRAMEWORK, THEORETIC AL AND METHODOLOGICA L

Groupwork activities in the classroom have gained more and more attention in the last
decades. In such activities, communication plays a primary role. Sfard (20819 poi
out that Acommunication may be defined
act, think or ffeel according to her in
thus subordinated to and informed by the demand of making communicatioiveffect
Within this domain (called interactionist or participationist) learning is seen as
becoming participant in a mathematical activity. Activity is sensitive to context and
allows the growth of mutual understanding and coordination between the individual
and the rest of the community. Accordingly, each activity has its roots in our cultural
heritage and can be shaped andiraped by the group of practitioners. It is within this
framework that thinking is conceptualized as a case of communication, since
interactionist research postulates the inherently social origin of all human activities
(Sfard, 2001).

Sfard (2001) suggests that in learning processes, seen as initiations to become skillful
participant in mathematical discourses, two key factors neesldorisidered: the tools

that mediate the communication and the ruB$gursive rules that regulate it. The
focus of this paper is on the latter.

Metadiscursive rules have an implicit nature, they are tacit, and it is within the system
of such rules thatulturally-specific norms, values and beliefs are encoded (Sfard,

2001). Accordingto Merlak ont'y (2002) , awareness 1| s
but of 61 cand: before the reflective,
Specifica | vy , since |l earning fioccurs in and
of coll ectively motivated activityo (
orientation of the activity. Emoti ons ¢

the motve of the activity, they express her sense of likelihood of success in realizing
such motive (Roth & Radford, 2011). Given the social environment in which the
students act, interact and determine the moves of the activity on the ground of their
emotions, v methodologically exploit the idea of interactive flowchart.

Interactive flowcharts were introduced by Sfard and Kieran (2001) as a way to capture
At wo types od{discargve mtkndonsd e wish to aeact to a previous
contribution of a partre or the wish to evoke a re:c
(p.58). A conversation can be coded as being comprised of a series of invisible arrows
aimed at specific people and/or specific utterances. The scheme follows two basic
structures: (a) a verticallyr diagonally upward arrow is calledr@active arrowand

points towards a previous utterance; (b) a vertically or diagonally downward arrow is
called aproactive arrowand it points towards the person from whom a reaction is
expected. Add to this a distition between arrows that are on task or mathematical in
nature (solid) and offask or noAmathematical in nature (dashed). Sfard and Kieran
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(2001) developed this scheme to code conversations between two people. Ryve (2006)
extended this scheme to accbifar more than two people by assuming that a proactive
utterance is meant to address each of the other participants. Table 1 in our example is
read as follows: M in 1 makes a proactive statement to L and D, D reacts in 2, and so
on. In our earlier resedrdLiliedahl & Andra, in press), we found it was necessary to
consider the flow of conversation, but also who the participants are looking at. As such,
we introduce new set of arrows, meant to represent where someone is gazing during
each utterance. We uss arrows to represent the speaker and blue arrows to represent
nonspeakers. In Table 1, for example, M looks at the paper in 1, D looks at the paper in
2.

METHODOLOGY

At the core of the research presented here is a 45 second video clip of a graup of fo
students working on a mathematics problem.

The problem was inspired by the work of Iversen and Nilsson (2005), who used a
similar task to see how students make sense of random phenomena. The problem is:

A robot walks along a corridor, it turns rightth probability oL 0 4
1/3 and it turns left with probability 2/3. The map shows 1| [ —’ﬁ’»‘;\//f%@
labyrinth  where the robot has to move. Compute N

probability for the robot to be in each of the rooms.

Iversen and Nilsson (2005) asked the students to say which is thevitbottme highest
probability. Our problem was crafted so as to use the representation provided by the
task in order to introduce the concepts and the algorithms related to the tree diagram:
why should one multiply subsequent branches? Why and when stroeiladdd? The

task was presented like a game, and the students seemed willing to work on it as such.

The task was used as part of a series of four lessons on probability in-&® @i

year olds) class in Bologna, Italy. The task formed a significartigm of the second
lesson. Four students, Luca (L), Fabio (F), Davide (D), and Marco (M) were selected to
be videotaped while they worked on the task as a group. They worked on the task in a
separate room and were filmed by a gra@estudent from the s@& school. The entire
session lasted 50 minutes. The first 5 minutes of this video were transcribed. From this,
the first 45 seconds were selected to constitute the data for the research being presente
here. This subset of the data was selected becaigmiplified some very interesting

and turbulent undercurrents of group interactions. We also introduce a new interlocutor
to the interaction the paper (P) with the problem on it. This paper holds the gaze of
the participants at different times of thengersation (we do not code blue arrows
when the students are looking at P). Unlike the arrows representing utterances all of the
gaze arrows are diagonally downward to represent the passage of time.
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READING DATA

Table 1 presents the transcript and intevadtowchart with the bluged gaze arrows.
Figure 1 shows some snapshots from the video overlaid with some gaze arrows (for
ease of reading, each student has assigned a color: yellow for L, blue for F, green for D
and red for M); the arrows help the reado focus on gazes and do not follow the
bluered coding used in Table 1. We first present the data codified according to our
methodological framework, then we analyze the codified data.

L |D |[M |P
00:00| M: To the left two thirds, to the right orleird. 0
00:01| D: Yes, | don &peaks aves he mhi o
00:03| M: Then it goes two thirds, two thirds. o]
00:06| M Can you give me a pen, please? o]
00:07| L: No, l etdéds do the fi|o
whereitgoesa | ways ¢é
00:10| M: e left. You have twdo
00:11| L: That is the most probable onepéaks over M| o
00:13| M: eéand here is one thilo
00:15/| L: Should you erase? o]
00:16| M: Yes, bravo! o]
00:17| D: | 6m cut e o]
00:19| M: Two thirds and here one third, hence these| o
thirdsé
00:21| F: : they g ... they|o
00:22| M: Two thirds of two thirds. o]
00:25| D: But €& but whatThame nyo
00:27| M: Of these two thirds |o
00:28| D: We have é but what o]
(speaks over M
00:30| L&M: | The probability that the robot will arrive in ea( o
ohnhe é
00:34| M: of these rooms. o]
00:35| D: I n the meanti me, | etlo
00:36| L: Wh y donét w e first|o
probabilities there are in all?
00:37| M: To me this is the room with the highg o
probability.
D: Why? 0
00:42] L: Thereare 8 in all. 0
M: Because here there are the highest numbg¢ o
probabilities, and t
00:45| D: Of course 0
M: € the probability igso

Table 1: Interactive Flowchart with Gaze Arrows
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Let's do the first case,
which is the ane where it i
goes always.. thirds here... ]

. g
= |
1

To the lefttwo thirds,
to the right one third,

Then it goes two
thirds, two thirds.

M ;

R

That is the most
probable one.

Tuwip thirds here and
here one third

The probability that the
robot will arrive. ..

But... but what are you
saying? Then no...

To me this is the
roam with the highest
probability.

Al

00:25 00:30
Figure 1:Somesnapshots from the video overlaid with gaze arrows.

Data codified with our methodology

If we look at the verbal transcript, we see that the students are making sense of the task.
Both L (00:11) and M (00:37) come to notice that the highest probabiligfated to

the first room, an observation (coming from the students) which is in line with the
original formulation of the task by Iversen and Nilsson (2005).

The interactive flowchart shows that M is contributing the most proactive statements
(n=7) as oppsed to L (n=3) or D (n=0). M and D responds to the most number of
proactive statements (each n=5) as compared to L (n=1 not counting ttedksal a
reaction). Finally, there is a marked difference in the number of proactive statements
that each persomakes that are reacted toM (n=6), D (n=3), and L (n=1, not
counting the seltalk).

The gaze arrows show that D nevleronlyl ook
looks at the paper when he is speaking. Figure 1 tells us that the students spehd a lot
time looking at the paper, indeed. M, on the other hand, spends more time looking at L
(n=6 in Table 1) than at the paper (n=5). At 00:25 D is asking a question while gazing
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at the paper. But M is not looking atiDhe is looking at L. Then, while M rpsnds to

D6s question at 00:27 he continues to
same time L only looks at M three times. Once at 00:15, then again at 00:25 while D is
asking a question, and finally 00:36 while M is looking at the paper.

ANAL YSIS

Gaze arrows in Table 1 and Figure 1 tell us that, as much as M is attending to L, L is
ignoring, maybe even avoiding, M. Why is M so intent on L and why is L ignoring M?
We can see something interesting happening at 00:25. While D is asking the question,
L and M are looking at each other. But these are not looks of equal intensity. In the
video M is clearly more intense in his gaze upon L, who, after a while, glances away
from M (see also Figure 1). From that moment on M continues to be very intensely
focused on L. L seems to sense this and diverts his gaze from M, only looking back at
him while M is looking at the paper (00:36). Clearly there is an affective aspect to the
interaction between L and M. There are emotions, efficacy, will, and motivation in
how L and M are interacting with each other.

True, all the students express their wi
him foll ow MG6s reasoning, his posture,
speak to DOs wiridute tothesolbtien. @nahe side oftbaith Mcaad D
there are many attempts to make their interlocutors act, think or feel (Sfard, 2001). M
addresses mostly L, D prompts M. Power relationships are establsiveer to do

We see that dn sélnsecadnd nared vemed in t his
L6s ones, respectivel y. M i s working wi
We see that an 61 cand (61 can deal wit
mat ho) e nspeedn,dan his mterhctioas with his classmates. L, instead, seems
more iIinterested in understanding the oV
compute how many probabilities are ther
L 6 s wo rhave alrealyecommented that both L (00:11) and M (00:37) come to
notice that the highest probability is related to the first room, but seemingly from
different standpoints: L makes his conclusion based on the fact that room 1 is arrived at
by always goindeft, which has a higher probability than right. We can say that L has

an illumination, a rapid coming to mind of the features of the room with the highest
probability, coming out of the blue, few seconds after the beginning of the activity. M,
on the otler hand, arrives at the same conclusion much later, by means of
computations. Only after considering fractions can he say that room 1 has the highest
probability.

There i s a tension between L and M, be:
c a n Oreovek] we see that each of these stances prevents each student from seeing the
ot herdéds point of view. o0l cand might be
i n. On the other hand il l uminati ogmnot( 01l
need to pull others into it: after the moment of illumination, in fact, there is a distinct
phase of validatiohai med at put such an ol sense
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terms (see Liljedahl, 2012). Communication takes place in order to stimulate a

reacti on: L6s il lumination at -thhwhtldd, i r
It i s not reacted. L6s i1l lumination 1is
M6s i ntensive gazes on L speak to Mbés
wi t h hi oding, lexpessed by (absence of) gazes to M, tells us that L is
avoiding this kind of &6l canbé: L 6cann
level, more theoretical. In Figure 1, at 00:37, M taps with his pencil on the paper,
pointing at roomnd . M is sharing his 61 candé, hi s

probability. L is reacting to M, neither verbally nor with gazes, but with his own pencil,
opening and closing it repeatedly (CLICK CLICK CLICK in Figure 1). Interaction is
takingplacet anot her | evel: M i s expressing
avoidance of fractions, his o6l canodt us
participate, to solve the task, expressed by all the studlémdifferent manners.

DISCUSSION AND CONCLUSION

Stemming from findings in interactionist research (Sfard, 2001), we have explored
how affective moves give rise to and determine groupwork activity. Affective moves
are meant as metliscursive rules that shape actions, motivatiowl, iateractions of
students, thus directing learning (see also Roth and Radford, 2011). Participation in a
groupwork activity is social, but it is also mathematical: we can distinguish the social
and the mathematical in our analysis, but we cannot seplaeate Many moves of the
activity we have analyzed are both social and mathematical in nature.

According to our framework, we can al so
ol cano. |l n ot her words, we ctawnr esé et ht aht
i 'l umination about room 1 at O00:11 star
good with fractions?a, t hat al | hi s pr
conceptual I n nature than MO6:sllon(ei T hiast
mo s t probable oneo). The initial o1 S ¢
operational, at 00: 36 (fAwhy donod6t we coc
M al so expresses an 01l s e nsnkedtotheflactian®r i s
i nvol ved: Mbés 061 candé i s -Poriy(2002pweeanadyi o n
t hat intuition is first an &I cano, It
socially communi cat ed, aaipteractorssesdmetimes a
there emerge mostly the 0l canod6 (whi h
other times the 6l sensed is predominar
0l cand is conveyed by gazes in our mei
his ol kiam@ ibryt ém®oi vely to L, and L6s a
avoidance of glancing at M. Al so DOs

consonant absence of o0l <canbé: D i s not

from the teacher).  mk i ng at the paper expresses L
prompts to M express his need to go slow.
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The 061 cano, mi ght become shared with
involving. For example, when it entails actions (operations withtitnag, in our
example). Illluminations of different nature need a subsequent moment to become
sharable. Our findings also confirm the unavoidably central role of emotion and
motivation in learning processe®specially in interactionist researches.
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COLLECTIVE PROBLEM P OSING AS AN EMERGENT
PHENOMENON IN MIDDLE SCHOOL MATHEMATICS G ROUP
DISCOURSE

Alayne Armstrong

University of BritishColumbia

This naturalistic case study investigates the problem posing patterns that emerge as
four small groups of 12 year old students in Western Canada work collectively on a
structured mathematics task. A method of data analysis is introduced thatthodur
data to create transcript fAtapestrieso
of posed problems that emerge over time. Results in progress suggest that groups vary
widely in terms of the problems posed, and in terms of the patterns in kg
problems emerge in their discourse. The reposing of problems helps to structure each
groupdbdés discussion, with the role that
as it reemerges in the discourse.

INTRODUCTION

Problem posing has been dee d as it he creation of q
cont ext andé the reformulation, for S C
(Pirie, 2002). Working from this definition, one might argue that there are two kinds of
problem posing, depending on therpose of the problem being posed (Silver, 1994),
and where it occurs in relation to the problem solving process. In the first half of the
definition, a new problem is generated from a situation, a problem, or an experience. In
the second half of the deitionit he AHow can | (re)for mul
can be s ol &reldtéd@probem psegenerated in response to the original
problem, as a way of making that original problem more accessible. This study focuses
on this second kind of pblem posing, describing the behavior of small groups in a
mathematics classroom who pose their own problems in the process of solving an
assigned problem task. My research question is: What problem posing patterns emerge
as small groups of students worilectively on a mathematics task?

THEORETICAL FRAMEWOR K

The current National Council of Teacher
notes that problem posing is an important component of problem solving, recognizing
it as an indi@ztatcan oif s@ogiimaitdie.mo St ude

move from a novice level to an expert level through various forms of instructor
intervention ranging from introductory activities to specific problem posing strategies
(Bonotto, 2013; Singer, 2009;rger & Mascovici, 2008) to participating in problem
posing (and solving) programs (Brown & Walter, 2005; Crespo, 2003; Crespo &
Sinclair, 2008; English, 1997, 1998; Leung, 1993; Pirie, 2002).
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Many studies of probl em p owverk agatiapetiugt, o n
as the focus of analysis. While this has the advantage of allowing researchers the
ability to draw on a large pool of subjects, it also has the effect of (appropriately
enough) triggering yet more questions about the research. ilselin excellent
discussion of the results of one such study (Silver & Cai, 1996), the researchers
wondered if middle school students only recorded problems they knew they could
solve; perhaps they were able to generate more complex questions, buédnhésitat
write them down because they were not able to solve them. The researchers also
questioned the trend of simpler questions being posed before the more complex ones
were. Perhaps the subjects originally had the more complex question in mind first but
decided to record the simpler questions at the beginning of their written responses. All
of this points to problem posing being difficult, and perhaps simply inappropriate, to
capture with an end product consisting of a written list of problems.

Some arguéhat group work has the potential to provide a safe structure for building
problem posing competence (Kilpatrick, 1987; Silver & Marshall, 1989), and offers
the opportunity for students to work together less competitively and more productively
(Brown & Waler, 2005). Yet, despite these and similar recommendations (English,
1997; Lester, 1994, Silver, 1994; Silver, Mamddawns, Leung, & Kenney, 1996),
there is little in the literature about how problem posing works on a collective level.

Little documentabn exists about the group itself as a learner, how its understanding
unfolds (Martin, Towers, & Pirie, 2006), and how it thinks. Although in casual
conversation, a teacher might refer to what a certain group thinks or, for example,
describe the personaliof the class in period three (Bowers & Nickerson, 2001), it can

be difficult for researchers to conceptualize the group as a unit of analysis, even a small
group. Thus, studies of small groups have often tended to focus on how working within
the group a#cts the learning of the individuals within the group rather than on the
group I tself (Stahl , 2006) . The conc
counteri nt ui ti ve way of thinking for many
strong association of cadion with an individual psychological process.

There Iis a benefit for the researcher v
considered to represent its thinking (.
analyzed by solely consideringae quence of statements t he
p. 424). One might even argue that the individual pathways of growth of understanding
within the collaboration do not exist at all (Martin et al., 2006). An utterance is linked

to the past in that it ia response to another utterance, or utterances. An utterance is
also a response to what has been, or what is currently, happening and the utterance is
connected to the future, in that it is formed in anticipation of an impending utterance.
The Acom&eobatigroup fAis crisscrossed
absent third parties, who may express t
(Grossen, 2009, p. 266) and also by the uptake and reuptake of individual threads of
ideas. One midghenvision the utterance as a part of a tapestry that comes from the past
and stretches into the future, an idea | will connect to in my methodology.
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METHODOLOGY

The research took place at a middle school (agdsII®years) in a large suburban
school digrict in British Columbia. Sixteen students from each of two classes of 30 12
year old students (i.e. just over half) participated in the study for a total of 32 students.
The groups were composed of students who were all working at grade level but who
had mixed levels of ability in mathematics. The study occurred in the spring of the
school year, with session tapings taking place roughly every two weeks depending on
the school schedule, for a total of five sessions for each class, with each session lasting
approximately 40 minutes. As | was using a grounded theory approach (Glaser &
Strauss, 1967) , I selected groups A f
devel oping/ emergent t heor yd ndgmelythosesvha& Hu
were working collectiely on the tasks. Participating groups were videotaped by
stationary cameras and also audiotaped. | took field notes throughout the sessions from
a location at the back of the classroom, and compared these notes to the video and
audio recordings to clagifevents captured in the tapings. Other data sources included
the task sheets where group members recorded their work and solutions, and the class
whiteboard where some groups chose to write their ideas while presenting their
solutions to the rest of thdass. | refer to the groups through the acronyms JJKK,
REGL, NIJM and DATM.

The task that is the focus of this case study reads as follows:
The Bill Nye Fan Club Party

The Bill Nye Fan Club is having a yeand party, which features wearing lab coats and
safety glasses, watching videos and singing loudly, and making things explode. As well,
members of the club bring presents to give to the other members of the club. Every club
member brings the same number of gifts to the party. If the presents are iopenadute
intervals, starting at 1:00 pm, the last gift will be opened starting at 5:35 pm. How many
club members are there?

DATA ANALYSIS

As this study involves elaborating upon and building theory about problem posing as a
process, | analyzed the datsing a constant comparison method (Glaser & Strauss,
1967). The process of determining whether or not a group had posed a problem was
necessarily a subjective one. Rather than looking at the actual uttered problem, | was
looking more at the conversationtdbric around the utterance, both before the
utterance occurred (what did the intent of the utterance seem to be?) and afterwards
(namely, how did the group respond to the utterance?), indications of surfacing
differences that the group appeared to bdoexm.

The metaphor that | use to document the patterns of collective problem posing, and
reduce the transcript to its dvisual e
strands of fabric and color, a tapestry reveals different faces dependisgbgsical
distance from the observer. From afar, which would be the equivalent of summarizing
a group conversation and then considering it from both a temporal and contextual
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distance, the tapestry shows a panoramic stem#hole composed of a number of
parts. Closer, the landscape of the tapestry might still be evident, but now the
individual strands are more visible. Move closer still, and now the individual strands
are the focus and the overall scene is no longer tclearch in the same way in which

it may be easy to follow the individual turns of a conversation but difficult to
summarize the gist of the discussion as a whole while it is taking place. At this level, an
overall pattern is invisible, but individual contributions and ideas stand ouseThe
strands of individual utterances are ones that weave together into a tapestry as the
conversation proceeds.

The production of the tapestry involved a data blurring process, which started with the
transcript itself. After multiple iterations of readiagd comparing transcripts from the
four groupsod sessions, I i denti fied th
utterances in the transcripts according to the problem posing category they best fit. The
color-coded transcripts were then shrunk in sizeang computer screenshots, to the
point where the words of the transcript were no longer visible and the lines of color
coding appeared as a visual pattern. The resulting tapestry provides an overall image of
the problems posed during the courseofgheoup6s sessi on.

RESULTS AND DISCUSSION

At first glance, the structured nature of the Bill Nye task would not appear to allow for
many creative possibilities for mathematics students. To solve it, one must understand
what the range of time is for opening the gifts, determine the number oftieneals

that exist within that time frame, and then find the pair of factors of the number such
that one factor is one greater than the other (i.e. 8 and 7). Yet, in working through this
apparently straightforward task, these four groups take very ditfgraths to
eventually arrive at the same correct solution.

Tapestries

A striking aspect of group work that a tapestry helps to illustrate is how posed
problems weave in and out of conversations. A color may appear briefly early in a
sessiori forinstane, medi um bl ue i n NIJMi@iwWwitat .
appear again until over halfway through when it begins to occur quite frequently. A
problem may be posed and seemingly ignored, only to be reposed later in the
discussion, while other problertizat seem to have been discussed and resolved may
also reappear for more discussion. This suggests that the mention of a posed problem
early on in a session may help to seed a later discussion. It also seems to highlight the
idea of all ideas being part the tapestry, visible or ndtno utterance truly disappears.

The width of the color bands indicates the approximate length of time a problem is
being discussed, and how many connections are made with other posed problems. For
example, the chunkyatten di spl ayed in the first thi
Is quite distinctive from the tapestries of the other three groups. The chunkiness

Thick bands of color in the tapestry
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reflects how a problem is posed, discussed at some length until some kind of agreement
Is reached, and then dgaears, presumably either having been resolved or dropped
completely. This pattern also reflects how JJKK poses and reposes far fewer problems
than he other groups do (Figure 2).

Figure 1: Tapestries

Group # of different Total # of
problems poseg prodems posed
and reposed

JIKK 13 23
DATM | 16 61
NIJM 17 45
REGL |16 66

Figure 2:Comparison of # of problems posed and reposed
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