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EFFECTS OF PROMPTING STUDENTS TO USE MULTIPLE 

SOLUTION METHODS WHI LE SOLVING REAL -WORLD 

PROBLEMS ON STUDENTSô SELF-REGULATION  

Kay Achmetli, Stanislaw Schukajlow, André Krug 

University of Münster, Germany 

 

In the project MultiMa (Multiple solutions for mathematics teaching oriented toward 

studentsô self-regulation), we investigated the effects of prompting students to use 

multiple solution methods while solving real-world problems on their learning. In this 

quasi-experimental study, we compared three treatment conditions. In one condition, 

students solved real-world problems by using multiple solution methods. These 

solution methods consisted of a solution using a table and a solution using differences. 

In the other two conditions, the same real-world problems were solved using only one 

of the methods. About 307 ninth graders from twelve middle track classes took part in 

this study during four lessons. Before and after a teaching unit, studentsô 

self-regulation was tested.  

INTRODUCTION  

The development of multiple solutions is an important component of school curricula 

in different countries. Encouraging students to use multiple solution methods improves 

studentsô mathematical knowledge. However, we do not know much about the 

influence of the use of multiple solution methods on studentsô self-regulation, which is 

crucial for lifelong learning. As solving real-world problems is an important part of 

mathematics education, we chose this type of task to investigate the effects of 

prompting students to use multiple solution methods on studentsô self-regulation while 

solving real-world problems.  

THEORETICAL BACKGROUND  

Self-regulation 

Boekaerts (2002) defines self-regulation as ñstudentsô attempts to attain personal goals 

by systematically generating thoughts, actions, and feelings at the point of use, taking 

account of the local conditions.ò Thus, self-regulation is divided into three main parts: 

(1) studentsô orientation toward the attainment of their own goals, (2) the thoughts, 

feelings, and actions that can help them to attain these goals, and (3) working toward 

the attainment of their goals. It is further set within the framework of local conditions.  

Self-regulatory processes can be acquired from and are sustained by social as well as 

self-sources of influence. Zimmerman (2000) describes four developmental levels of 

self-regulatory skills. The development of self-regulation begins on the first level, 

which is called an observational one. On this level, learners vicariously observe and 

imitate skills from a proficient model. On the level of emulation, learners imitate these 
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skills with social assistance before they can work independently under structured 

conditions on the next level (the level of self-control). A self-regulated level is 

achieved when learners can flexibly and systematically adapt their performance to 

changing conditions.  

Multiple solutions and self-regulation  

Heinze, Star, and Verschaffel (2009) claim that the ability to use multiple 

representations (or multiple solution methods) and to flexibly switch between a range 

of representations is a critical component of the skills needed to solve mathematical 

problems. Recently, some experimental studies were carried out to identify the 

influence of prompting students to construct multiple solutions on studentsô learning in 

mathematics (Rittle-Johnson & Star, 2007). Students who developed two solution 

methods for the same task outperformed students who developed one solution at a 

time. Comparing two solution methods for the same problem or presenting two 

solution methods using different problems improved studentsô procedural flexibility. 

Students who developed two solution methods were more flexible in their choice of the 

appropriate solution method. In addition, Große and Renkl (2006) state that reflecting 

on various solution methods helps learners to apply methods more flexibly and 

effectively. Furthermore, Tabachneck, Koedinger, and Nathan (1994) found that it was 

more effective to employ a combination of strategies than to rely on a single strategy 

for solving algebra problems. Flexibility and adaptivity are important parts of 

self-regulatory skills. Prompting students to construct multiple solutions can improve 

their flexibility and adaptivity and thereby also improve their self-regulation.  

The influence of prompting students to construct multiple solutions while solving 

real-world problems with missing information on studentsô self-regulation was 

investigated in the study by Schukajlow and Krug (2012). The results showed that, 

while controlling for self-regulation on a pre-test, students in the condition in which 

multiple solutions were prompted reported significantly higher self-regulation on the 

post-test than students in the condition in which they were instructed to develop one 

solution only.  

Multiple solutions, modelling, and self-regulation 

We distinguish between three types of multiple solutions that can be constructed in 

solving real-world problems (cf. a similar approach by Tsamir, Tirosh, Tabach, & 

Levenson, 2010). First, multiple solutions may result from variability in mathematical 

solution methods. The second type of multiple solutions can be developed if students 

have to make assumptions about missing data and thus arrive at different 

outcomes/results. The third one includes variability in mathematical solution methods 

as well as in different outcomes/results. The effects of prompting the second kind of 

multiple solutions on studentsô self-regulation were examined by Schukajlow and 

Krug (2012). In the current paper, we explored the effects of prompting the first type of 

multiple solutions on studentsô self-regulation. 
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The important activities that need to be implemented while modelling consist of 

simplifying a complex situation that is presented in the task, mathematizing, and 

working mathematically to reach a mathematical result. While solving a real-world 

problem, there are several ways in which the learner can simplify the problem, 

mathematize, or work mathematically. Solution methods can be pre-formal or formal 

ones while the outcome/results stay the same. Whereas formal solution methods are the 

final stage in a genetic development, pre-formal solution methods refer to a certain 

basis of formal argumentation, but are codified in a non-formal way (Blum, 1998).  

To illustrate a solution process and to exemplify two pre-formal solution methods, we 

will analyze the solution of the task ñBahnCard,ò which was developed in the 

framework of the project MultiMa. First, the problem solver has to understand the 

problem ñBahnCardò and construct a model of the situation. Then the model of the 

situation needs to be simplified and structured and the important values need to be 

identified. These values are the costs per year for each card and the amounts for the 

outward and return journeys that would be paid using each card.  

 

Figure 1: Modelling task ñBahnCardò 

Next, the simplified situation needs to be mathematized, and different mathematical 

solution methods can be applied to solve the problem. One solution method that can be 

applied is a ñpre-formal solution method using differences.ò In order to solve a 

real-world problem using differences, one has to understand the meaning of the 

important values and to transfer information between reality and mathematics several 

times. Whereas the ñBahnCard 50ò is 181 ú (= 240 ú - 59 ú) more expensive than the 

ñBahnCard 25,ò each outward and return journey with the ñBahnCard 25ò is 25 ú (= 

50 ú - 25 ú) more expensive than with the ñBahnCard 50.ò Obviously, one has to 

calculate a difference for the costs per year and a difference for the cost per journey as 

well as to interpret the mathematical results. The question is how often one has to take 

a trip with the more expensive ñBahnCard 50ò until the cheaper prices for the journeys 

pay off. This is exactly after 7.24 (= 181 ú õ 25 ú) journeys per year. This result has to 

be interpretedðfor example, ñFor up to 7 journeys per year, the ñBahnCard 25ò is 

cheaper.òðand validated. Another way to solve this problem is to apply a ñpre-formal 
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solution method using a table.ò Students can make assumptions about a possible 

number of journeys per year (e.g. 1, 3, 6é), calculate the total cost for owners of the 

ñBahnCard 25ò and the ñBahnCard 50,ò compare the costs, identify up to what number 

of journeys owners should take the ñBahnCard 25ò, and write a recommendation about 

which offer is preferable for a certain number of journeys. 

This analysis of solving the task ñBahnCardò shows two ways to solve a real-world 

problem. Specifically, using different solution methods leads to the same result. 

Being able to choose between different solution methods grants problem solvers the 

ability to solve tasks more flexibly and monitor their own solution process. Therefore, 

we assumed that similar effects as by Schukajlow and Krug (2012) could be found in 

our present study in which we prompted another way to provide multiple solutions to 

real-world problems: multiple solution methods (MSM). In addition, we assumed that 

the effects on self-regulation would not differ between our one solution method (OSM) 

conditions.  

RESEARCH QUESTIONS 

1. How many solutions will students develop in the MSM-condition and will there 

be differences in the number of solutions developed between the MSM-condition 

and the OSM-conditions?  

2. Will studentsô self-regulation differ according to the opportunity to develop 

multiple solution methods? In particular, will students in the MSM-condition 

report more self-regulation than students in the OSM-conditions? 

3. Will studentsô self-regulation differ between the different types (i.e., table vs. 

differences) of prompted solution methods? More precisely, will there be 

differences in the reported self-perceptions of students in the OSM-conditions? 

 METHOD  

Design and sample 

307 German ninth graders (48.26% female; mean age=14.6 years) were asked about 

their self-regulation before and after a teaching unit (see Figure 2). The teaching unit 

consisted of two sessions: the first and second lessons as well as the third and fourth 

lessons. Four schools with three middle track classes each took part in this study. Each 

of the twelve classes was divided into two parts with the same number of students in 

each part. The average achievements in the two parts did not differ, and there was 

approximately the same ratio of males and females in each part. There were three 

different treatment conditions ñmultiple solution methodsò (MSM), ñone solution 

method (table)ò (OSM1), and ñone solution method (differences)ò (OSM2). At each 

school, there were six different groups, which were evenly assigned to the three 

treatment conditions. Furthermore, each part of a class was assigned to a different 

treatment condition. In total, there were 24 groups: eight groups in the 

MSM-condition, eight in the OSM1-condition, and eight in OSM2-condition. The 

students in MSM, OSM1, and OSM2 were taught in different classrooms.  
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Figure 2: Overview of the study design 

To implement the treatment, which consisted of solving real world problems using 

different solution methods, three teaching scripts were developed. Six teachers who 

participated in this study received these scripts with all tasks to be administered and a 

detailed plan for each teaching unit. Each teacher taught the same number of student 

groups in each treatment condition, so the influence of a teacher on studentsô learning 

did not differ between conditions. In each lesson, at least one member of the research 

group was present to videotape and to observe the implementation of the treatment.  

Treatment 

In the recent study, we used the student-centered learning environment from the 

DISUM project, which was complemented by direct instructions for the teaching unit. 

In all treatment conditions, the same methodological order was implemented for the 

first session. In the first session, a teacher first demonstrated how real-world problems 

can be solved using one specific method (in the OSM-conditions) or using multiple 

solution methods (in the MSM-condition). Then students solved tasks using the 

demonstrated solution methods according to a special kind of group work (alone, 

together, and alone) and discussed their solutions with the whole group in the 

classroom. The teacher summarized the key points of each treatment condition. 

Furthermore, in the MSM-condition, the teacher emphasized the development of two 

different methods. 

In the second session, four problems were solved in the OSM-conditions and three 

tasks were addressed in the MSM-condition by applying the same kind of group work. 

After the fourth task in the MSM-condition, the teacher highlighted and summarized 

the link between the two methods and fostered discussions about studentsô preferences 

for one or the other solution method, whereas in the OSM-conditions, an additional 

task was given. Finally, in the MSM-condition, students had the opportunity to choose 

their preferred solution method to solve the last two tasks and discussed their choice in 

the classroom.  

Four out of six tasks given in the MSM-condition required the development of the two 

solution methods: ñUse two different solution methods to solve this problem. Write 

down both solutions.ò In the OSM-conditions, students solved a standard version of 

this task (see e.g. Fig. 1) using the demonstrated solution method. 
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Measures 

After the second and third lessons, students were asked to report their self-regulation 

using a 5-point Likert scale (1=not at all true, 5=completely true) before and after a 

teaching unit (see Figure 2). The sample item is ñWhile learning mathematics, I set my 

own goals that I would like to achieve.ò This scale consists of 6 items and was adapted 

from the longitudinal PALMA study (Pekrun et al., 2007). Reliability values 

(Cronbachôs Alpha) for self-regulation were .66 and .75 on the pre-test and post-test 

respectively. The number of solutions developed (0=no solution; 1=one solution; 

2=two solutions; 3=more than two solutions) was estimated by two independent raters 

for 20% of the tasks. The values for inter-rater agreement (Cohenôs Kappa) were 

between .89 and .94. 

RESULTS  

For statistical analysis, we used t-tests, and examined that our data met the statistical 

assumptions for applying these tests. Leveneôs tests showed that there was 

heterogeneity of variance for some measures. For these tests, we used the adjusted 

values for degrees of freedom and t-values.   

Number of solutions developed 

First, we investigated how many solutions were developed across all problems in the 

MSM-condition. The analysis of studentsô answers showed that 1% of the students did 

not solve any of the posed problems, 5% of the students used one solution method, and 

94% used two or even more than two solution methods. Thus, nearly all of the students 

in the MSM-condition used two or more solution methods (mean=1.92, standard 

deviation SD=0.25) as intended in our study. In the OSM-conditions, students did not 

or rarely used two or more solution methods (mean=1.01, SD=0.08 and mean=1.04, 

SD=0.24). The t-tests (MSM-OSM1: t(116)=34.0; p<0.001; effect size Cohenôs 

d=4.97 and MSM-OSM2: t(194)=25.2; p<0.001; d=3.61) indicated that there were 

highly significant differences between the numbers of solution methods that were used 

in the respective conditions. These results revealed that nearly all students will use 

multiple solution methods while solving real-world problems if one prompts them to 

do so.  

Multiple solutions and self-regulation 

To examine the influence of prompting students to use multiple solution methods 

while solving real-world problems on studentsô self-regulation, we compared 

self-regulation on post-tests while taking into account the respective pre-test measures. 

The t-tests indicated that there were no significant differences between the 

MSM-condition and the OSM-conditions (MSM-OSM1: t(185)=0.33; p=0.78 and 

MSM-OSM2: t(169)=0.36; p=0.72). Thus, students in the MSM-condition did not 

report more self-regulation on the post-test than students in the OSM-conditions when 

controlling for self-regulation on the pre-test. 
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Self-regulation 
Pre 

mean (SD) 

Post 

mean (SD) 

Adjusted post
a
 

mean (SD) 

MSM 3.64 (.59) 3.47 (.63) 3.47 (.57) 

OSM1 3.60 (.67) 3.48 (.73) 3.50 (.58) 

OSM2 3.62 (.57) 3.54 (.70) 3.50 (.56) 

 a Adjusted by the pretest. 

Table 1: Studentsô self-regulation on the pre-test, post-test, and adjusted post-test. 

Different solution methods and self-regulation 

To investigate the potential impact of prompting students to use different types of 

solution methods (i.e., table vs. differences) on studentsô self-regulation, we compared 

self-regulation in the one-solution conditions on the post-tests, taking into account the 

pre-test measures. The adjusted post-test means for self-regulation in the two 

OSM-conditions were identical with just a minor difference in the SD. A t-test showed 

that there were no significant differences between self-regulation in the 

OSM-conditions (t(170)=0.36; p=0.97). Thus, in the present study, we were able to 

confirm our assumption that studentsô self-regulation does not differ according to the 

type of solution method applied. 

DISCUSSION 

The results indicated that there were significant differences in the number of solutions 

developed between the MSM-condition and the OSM-conditions, as intended in our 

recent study. Furthermore, there was no difference in the impact of prompting different 

solution methods on the self-perceptions of studentsô self-regulation. However, we did 

not find any effects of prompting students to use multiple solutions on studentsô 

self-regulation. Although prompting the use of multiple solutions has previously been 

shown to increase flexibility (Rittle-Johnson & Star, 2007) and also self-regulation 

(Schukajlow & Krug, 2012), we could not find any effects of prompting students to use 

multiple solution methods on self-regulation in the recent study.  One explanation for 

this result may be that students in the MSM-condition were not instructed to use certain 

solution methods according to the specific task but were rather instructed to use their 

preferred method to solve all tasks of this type. The highest level of self-regulation in 

Zimmermanôs hierarchal order ï flexibly and systematically adapting oneôs 

performance to changing conditions ï was not achieved in the MSM-condition. The 

ability to choose a solution method based on individual-, task-, and context-specific 

criteria is an important part of being flexible and adaptive (Heinze et al., 2009). These 

criteria should be taken into account in future studies. 

Compared to the results by Schukajlow and Krug (2012), where significant differences 

in studentsô self-regulation were found, students did not have the opportunity to make 

assumptions about missing information and to apply their assumptions to the task. This 
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lack of autonomy could be a reason for the failure to find an increase in studentsô 

self-regulation in the current study.  

 References 

Blum, W. (1998). On the role of "Grundvorstellungen" for reality-related proofs. In P. 

Galbraith, W. Blum, G. Booker, & I. Huntley (Eds.), Mathematical modelling: Teaching 

and assessment in a technology-rich world (pp. 63-74). Chichester: Horwood. 

Boekaerts, M. (2002). Bringing about change in the classroom: strengths and weaknesses of 

the self-regulated learning approach. EARLI Presidential Address, 2001. Learning and 

Instruction, 12, 589-604. 

Große, C. S., & Renkl, A. (2006). Effects of multiple solution methods in mathematics 

learning. Learning and Instruction, 16(2), 122-138. 

Heinze, A., Star, J. R., & Verschaffel, L. (2009). Flexible and adaptive use of strategies and 

representations in mathematics education. Zentralblatt für Didaktik der Mathematik, 

41(5), 535-540. 

Pekrun, R., Vom Hofe, R., Blum, W., Frenzel, A. C., Goetz, T., & Wartha, S. (2007). 

Development of mathematical competencies in adolescence: The PALMA Longitudinal 

Study. In M. Prenzel (Ed.), Studies on the educational quality of schools: The final report 

on the DFG Priority Programme (pp. 17-37). Münster, Germany: Waxmann. 

Rittle-Johnson, B., & Star, J. R. (2007). Does comparing solution methods facilitate 

conceptual and procedural knowledge? An experimental study on learning to solve 

equations. Journal of Educational Psychology, 99(3), 561-574. 

Schukajlow, S., & Krug, A. (2012). Effects of treating multiple solutions on students' 

self-regulation, self-efficacy and value. In T.-Y. Tso (Ed.), Proc. 36th Conf. of the Int. 

Group for the Psychology of Mathematics Education (Vol. 4, pp. 59-66). Taipei, Taiwan: 

PME. 

Tabachneck, H. J. M., Koedinger, K. R., & Nathan, M. J. (1994). Toward a theoretical 

account of strategy use and sense-making in mathematics problem solving. In A. Ram & 

K. Eiselt (Eds.), Proceedings of the Sixteenth Annual Conference of the Cognitive Science 

Society (pp. 836-841). Hillsdale, NJ: Erlbaum. 

Tsamir, P., Tirosh, D., Tabach, M., & Levenson, E. (2010). Multiple solution methods and 

multiple outcomesðIs it a task for kindergarten children? Educational Studies in 

Mathematics, 73(3), 217-231. 

Zimmerman, B. (2000). Attaining self-regulation. A social cognitive perspective. In M. 

Boekaerts, P. R. Pintrich, & M. Zeidner (Eds.), Handbook of self-regulation (pp. 13-39). 

San Diego, CA: Academic Press. 



2014. In Nicol, C., Liljedahl, P., Oesterle, S., & Allan, D. (Eds.) Proceedings of the Joint Meeting 2 - 9 

of PME 38 and PME-NA 36,Vol. 2, pp. 9-16. Vancouver, Canada: PME. 

AN ANALYTIC FRAMEWOR K FOR DESCRIBING TEA CHERSô 

MATHEMATICS DISCOURS E IN INSTRUCTION  

Jill Adler, Erlina Ronda 

University of the Witwatersrand 

 

We illustrate an analytic framework for teachersô mathematics discourse in instruction 

(MDI). MDI is built on three interacting components of a mathematics lesson: a 

sequence of examples and related tasks; accompanying talk; patterns of interaction. 

Together these illuminate what is made available to learn. MDI is grounded 

empirically in mathematics teaching practices in South Africa, and theoretically in 

socio-cultural theoretical resources. The framework is responsive to the goals of a 

particular research and professional development project with potential for wider use.  

INTRODUCTION  

Recent reviews of research on mathematics teachers, teaching and teacher education 

evidence the growth of this work (e.g. Sullivan, 2008). In their review of such research 

in thirty years of PME, Ponte & Chapman (2006) conclude with a call for future 

research that attends to ñéinnovative research designs to deal with the complex 

relationships among various variables, situations and circumstances that define 

teachersô activitiesò (p. 488). The framework offered in this paper responds to this call. 

Our central concern is a framework that illuminates the complexity of teaching 

mathematics in ways that are productive in professional development research and 

practice; a framework that characterise teaching per se, across classroom contexts and 

practices, and captures shifts in practice.  

The framework we present developed within the Wits Maths Connect Secondary 

Project (WMCS), a five-year research and professional development project aimed at 

improving the teaching and learning of mathematics in ten relatively disadvantaged 

secondary schools in one education district in South Africa, through ongoing 

engagement with what we have come to describe as teachersô MDI. MDI characterises 

the teaching of a mathematics lesson as a sequence of examples/tasks (which we 

distinguish below), and the accompanying explanatory talk - two commonplaces of 

mathematics teaching that occur within particular patterns of interaction in the 

classroom. In previous work in WMCS and a similar project in primary schools, we 

conceptualised MDI to examine coherence within a task, and so between the stated 

problem or task, its exemplification or representation, and the accompanying 

explanations; and more recently to examine coherence across a sequence of 

tasks/examples and accompanying explanatory discourse within a lesson, and in 

relation to the intended object of learning (e.g. Adler & Venkat, forthcoming). It was 

our empirical data that emphasized the need for coherence, and teaching that mediates 
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towards mathematics viewed as a network of scientific concepts (Vygotsky, 1978), and 

so towards generality (Watson & Mason, 2006), and objectification (Sfard, 2008).  

There are clear commonalities with other frameworks, particularly aspects of the 

Mathematical Quality of Instruction (MQI) framework (Hill, 2010) and that of Borko 

et al (2005), both of which include attention to language/discourse (depending on their 

orientations to language), and to justification and/or explanation. In particular we share 

the concern of MQI to foreground the importance of generality in mathematics, and so 

what mathematically is made available to learn. Neither pay attention to examples, and 

so the specificity of example/task selection. This is a key element of the MDI 

framework, and we hope the elaboration that follows below illustrates its salience. 

SOCIAL CONTEXT  

It is common cause in South Africa today to hear that school mathematics is ñin crisisò. 

Learner performance in local, national and international comparative mathematics 

assessments are poor across levels, and while explanations increasingly acknowledge 

system wide failure, considerable óblameô is placed on the knowledge of practice of 

mathematics teachers (Taylor, Van der Berg, & Mabogoane, 2013) 

Of course, Teachersô MDI is only a part of a set of practices and conditions through 

which performance is produced, not least of which is social class and related material 

and symbolic resources in the school. That said, our concern from both a research and 

professional development perspective is to understand how teachersô MDI is 

implicated in what is made available to learn. In the majority of schools in South Africa 

(as is the case in schools serving disadvantaged learner populations in many parts of 

the world), schools provide the sole sites of access to formal learning. Within this, 

learnersô access to mathematical learning resources is through the teacherôs discourse. 

Understanding how teachersô MDI supports mathematical learning matters deeply. We 

want to be able to describe whether and how teachersô MDI shifts over time, in what 

ways, and how MDI is related to what is made available to learn in school. 

SOME THEORETICAL ROOTS AND RESOURCES  

MDI has its roots in analytic tools developed for describing the constitution of 

mathematics in mathematics teacher education practice (e.g. Adler & Davis, 2006). 

Based on Bernsteinôs insight that evaluation is ñkey to pedagogic practiceò (2000 

p.36), and following Davisô elaboration of this through the notion of evaluative 

judgment (Davis, 2005), we described three key features of mathematics pedagogy 

(school or teacher education). First, for something to be learned/taught, it has to be 

presented in some form. In mathematics, this is always a representation rather than the 

thing itself, one that as yet has to be invested with particular mathematical meanings. 

What then follows is reflection on this óobjectô ï semiotic mediation ï so as to fill out 

its meaning. At some point reflection will need to end, and meaning fixed as to what 

can/does count as legitimate with respect to the óobjectô. Description, while important, 

is not sufficient for linked research and development. In the first year of WMCS 
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(2010), we observed that teachers typically selected, sequenced and explained some 

examples for the announced focus of a session, often with poor levels of coherence 

between the example and its elaboration, and/or across a sequence of examples. Many 

lessons began and ended with teacher-directed whole class interaction. In some lessons 

there was opportunity for independent learner work on set problems. Across classroom 

contexts, opportunity for learner ideas to enter the discourse varied from none to 

substantive, with the former dominant.  

The detail of our responsive professional development practice is not the focus here. 

Our position was that we needed to start where we all were ï the teachers themselves, 

and their well-oiled practices; and the project team, with its goal of enhancing 

opportunities to learn mathematics. We constructed a simple framework foregrounding 

the intended object of learning: improved coherence, in our view, rested firstly on 

appreciation of that which was to be learned. We found further resonance with the 

work on examples (e.g. Watson & Mason, 2006) and variation theory (e.g. Runesson, 

2006) as resources for bringing the object of learning into focus. This broad framing is 

operationalised into an analytic framework for describing teachersô lessons over time.  

AN ANALYTIC FRAMEWOR K FOR MDI  

Table 1 below presents the framework. It is not possible here to elaborate it in full, nor 

illustrate it in detail. We briefly discuss each of the analytic resources, and how we 

have assigned levels in the example and explanation spaces constructed ï increasing 

generality in examples; increasing complexity in tasks; towards objectified talk in 

naming; and towards generality and use of mathematics in legitimating/substantiating 

ï and with respect to participation, towards increasing opportunity for learners talk 

mathematically, and teachersô increasing use of learnersô ideas. We illustrate our use of 

this framework through a WMCS Grade 10 Algebra lesson. 

Our unit of study is a lesson, and units of analysis within this, an event. The first 

analytic task is to divide a lesson into events, distinguished by a shift in content focus, 

and within an event then to record the sequences of examples presented. Each new 

example becomes a sub-event, as illustrated in Table 1 below. Our interest here is 

whether and how this presentation of examples within and across events brings the 

object of learning into focus, and for this we recruit constructs from variation theory 

(Marton & Pang, 2006). The underlying phenomenology here is that we can discern a 

feature of an object if it varies while other features are kept invariant, or vice versa, and 

different forms of variation visibilise the object in different ways. Variation through 

separation is when a feature to be discerned is varied (or kept invariant), while others 

are kept invariant (or made to vary); contrast is when there is opportunity to see what is 

not the object, e.g. when an example is contrasted with a non-example; fusion is 

experienced when there is simultaneous discernment of aspects of the object is 

possible; and generalisation is possible when there are a range of examples in different 

contexts so that learners can discern the invariants ï an expanded form of separation. 

These four forms of variation can operate separately or together, with consequences for 
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what is possible to discern ï and so, in more general terms, what is made available to 

learn. In WMCS we are interested in analysing the teacherôs selection and sequencing 

of examples within an event and then across events in a lesson, and then whether and 

how, over time, teachers expand the example space constructed in a lesson. 

Object of learning ï mediation towards scientific concepts 

Exemplification Explanation Learner 

Participation  Examples Tasks Talk/Naming Legitimating  criteria  

Examples 

provide 

opportunities 

within lesson 

for learners to 

experience 

Level 1- 
separation or 

contrast  

Level 2- any 

two of 

separation, 

contrast, and 

fusion 

Level 3- 
fusion and 

generalizatio

n 

 

 

Level 1 ï Carry 

out known 

operations and 

procedures e.g. 

multiply, 

factorise, solve 

Level 2 ï Apply 

level 1 skills;& 

learners have to 

decide on (explain 

choice of) 

operation and /or 

procedure to use 

e.g. Compare/ 

classify/match 

representations;  

Level 3 ï Multiple 

concepts and 

connections. e.g. 

Solve problems in 

different ways; 

use multiple 

representations; 

pose problems; 

prove; reason.etc 

Level 1 ï 
Colloquial 

language 

including 

ambiguous 

referents such 

as this, that, 

thing, to refer 

to objects 

Level 2 ï Some 

math language 

to name object, 

component or 

simply read 

string of 

symbols when 

explaining 

Level 3- Uses 

appropriate 

names of math 

objects and 

procedures 

Level 1NM (Non- Math) 

Visual: Visual cues or 

mnemonics 

Metaphor: Relates to 

features or characteristics 

of real objects  

Level 2M (Math) (Local) 

Specific /single case 

(real-life application or 

purely mathematical)  

Established shortcuts; 

conventions 

Level 3M (General, 

partial) 

equivalent 

representations, 

definitions, previously 

established 

generalization but 

explanation unclear or 

incomplete,  

principles, structures, 

properties but 

unclear/partial 

Level 4M (General full)  

Level 1 
ïLearners 

answer yes/no 

questions or 

offer single 

words to teachers 

unfinished 

sentence 

Level 2 
ïLearners 

answer (what/ 

how) questions 

in phrases/ 

sentences  

Level 3- 
Learners answer 

why questions; 

present ideas in 

discussion; 

teacher revoices / 

confirms/ asks 

questions  

Table 1: Analytic framework for mathematical discourse in instruction. 

Of course, examples do not speak for themselves. There is always a task associated 

with an example, and accompanying talk. With respect to tasks, we are interested in its 

cognitive demand in terms of the extent of connections between and among concepts 

and procedures. Hence, in column two we examine whether tasks within and across 

events require learners to carry out a known operation or procedure, and/or whether 

they are required to decide on steps to carry out, and/or whether the demand is for 

multiple connections and problem solving. These three levels bear some resemblance 

to Stein et alôs (2000) distinctions between lower and higher demand tasks.  

With respect to how explanation unfolds through talk, and again the levels and 

distinctions have been empirically derived through examination of video data, we 

distinguish firstly between naming and legitimating, between how the teachers refer to 

mathematical objects and processes on the one hand, and how they legitimate what 
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counts as mathematics on the other. For the latter, we have drawn from and built on the 

earlier research discussed above, together with aspects of Sfardôs (2008) word use and 

endorsements as key elements of mathematical discourse. Specifically, we are 

interested in whether the criteria teachers transmit as explanation for what counts is or 

is not mathematical, is particular or localised, or more general, and then if the 

explanation is grounded in rules, conventions, procedures, definitions, theorems, and 

their level of generality. With regard to naming, we have paid attention to teacherôs 

discourse shifts between colloquial and mathematical word use.  

Finally, all of the above mediational means (examples, tasks, word use, legitimating 

criteria) occur in a context of interaction between the teacher and learners, with 

learning a function of their participation. Thus, in addition to task demand, we are 

concerned with what learners are invited to say i.e. whether and how learners have 

opportunity to use mathematical language, and engage in mathematical reasoning, and 

the teacherôs engagement with learner productions. 

A LESSON 

The illustrative lesson, as stated by the teacher, is a Grade 10 revision lesson on 

algebraic fractions leading to a focus on the operation of division of algebraic 

fractions. The lesson consists of five events, with a new event marked by a new key 

concept in focus. The first event focused on a review of the meaning of a term in an 

algebraic expression. The teacher presented six examples of expressions (sub-events) 

in increasing complexity, with each next example of an expression produced by her 

performing an operation on the present expression. The task for learners was to agree 

to the number of terms in the new expression. The second event reviewed a common 

factor using just one example of a binomial expression. Event 3 signals new work. The 

teacher presented a sequence of four examples (sub-events) of algebraic fractions. The 

task was simplifying (through factorization) the expressions in each of the numerator 

and denominator to produce a single term. Complexity increased in terms of the type of 

factorisation required in successive examples. The task in events 4 and 5 was division 

of algebraic fractions. The examples in event 4 were of positive algebraic fractions 

only and event 5 included examples with negative algebraic fractions. We illustrate the 

use of our framework through detailed analysis of Event 4, particularly sub-event 4.3. 

in the box on the following page  

Our analysis of Event 4 shows the Teacher operating at Level 3 with respect to 

examples, Level 1 with respect to tasks (which remain at the level of learners carrying 

out known procedures), and interaction (learners answers yes, no questions, and 

provide words/phrases in response to teachers questions on what to do). With respect 

to explanatory discourse, the teacherôs words while frequently including ambiguous 

referents, move on to rephrase using mathematical language to name objects and 

processes, and thus at level 2; criteria shift between emphasis on visual features of 

expression, conventions, with some reference to structure and generality and so across 

levels 1 - 3. 
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Event 4: Sub-events 4.1 ï 4.4                     Examples and tasks  

T writes example 4.1 on the board, asks questions mainly requiring yes/no answers, completion of 

sentences by learners in unison, leading to the solution. Occasionally learners respond with a phrase 

or sentence to a what or how question. Any why question she answers herself. Examples 4.2 and 4.3 

follow the same form. The transcript extract below details the talk leading to the solution for 4.3. 

Example 4.4 is then given for learners to do independently.  

4.1      4.2         4.3        4.4         

Examples: Level 3 - Variation is by separation, generalization and fusion. The structure of the 

division of one fraction by another is kept constant and terms varied (Separation). These range from 

simple to complex; from numerical to algebraic. Eg 4.4 extends to three fractions and a product 

(Generalization). Egs 4.3 and 4.4 require associating common factor with fraction division (Fusion). 

Tasks: Level 1 - Perform the indicated operations to simplify expressions 

Sub-Event 4.3                         Talk and legitimating criteria  

Analysis of explanatory talk highlighted as follows: italics for colloquial and underlining for formal 

language; and bold type for criteria/legitimations;  

1.T: Itôs one and the same thing. They give you something like this (writes symbols on board),.... x 

cubed minus x squared  the whole thing over, over four divided by x squared over eight...ok? 

2. Ls: Yes 

3. T: So itôs, itôs one and the same concept.  Over here (points to number 4.1 ) ) you just have 

two numbers, a fraction divided by a fraction, ok? 

Ls: Yes 

4. T: Over here (pointing back to 4.3) is the same thing.  Iôve got, 

hereôs one fraction divided by one fraction (circles each 

fraction).  So the examiner is just making your life difficult, ok?  

5. T: So....what are we going to do over here? (points to first 

fraction) 

6. Ls (some): we are going to divide 

7. T: ...remember the rule that we learnt over there? (points to 

similar expression, Event 2,factors obtained to simplify fraction)  

8. Ls: Yes.   

9. T: For before we can go and divide, what must I do? 

10.Ls: Take out the common factor. 

11.T: Take out the common factor, ok? 

12.Ls: Yes  

 

  

13. T: So, the same thing applies here.  It is everything that you, that you have learned, but they just 

put it into one thing to make it look a bit complicated.  Itôs actually very simple...ok? 

14. Ls: Yes 

15. T: So, over here we need the common factor.  Why? Because we want to have one, one term at 

the top and one term below, ok? 

16. Ls: Yes 

17. T: So, what is common factor to the two terms? 

 

[18-36] ï not shown; includes reference to ñchange the signò shift from division to multiplication 

 

37. T: So, you just apply the same principle, itôs just that when it looks complicated just pause 

and say what must I do here?  Because I know terms like this (points to ,  I cannot just...go 

and say this (pointing to divided by this (points to 4) ...ok? 
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38. Ls: Yes 

39. T: Make sure that you have got one term at the top and one term below.  So from here I can, what 

must I do? é 

[T, together with Ls and with similar interactional pattern, produce the answer.] 

Talk: Level 2 ï Uses some math language (e.g. ln 3) to name individual components or simply read 

string of symbols when explaining 

Legitimation: Level 1 Reference to visual features (e.g. ln 3, 4, 13) and Level 2M (Local) 

Established shortcuts; conventions (e.g. lns 7, 10, 11, 30) and Level 3M (General) Makes reference 

to structure/principle but not clear due to naming (e.g. ln 37) 

Event 4: Interaction pattern 

Interaction pattern: Dominantly Level 1 Ls answer yes/no questions or supply words to Tôs 

unfinished sentence; Occasional Level 2 Ls answer what/how questions in phrases or sentences 

DISCUSSION 

Our MDI framework allows for an attenuated description of practice, prising apart 

parts of a lesson that in practice are inextricably interconnected, and how each of these 

contribute overall to what is made available to learn. It co-ordinates ñvarious variables, 

situations and circumstancesò of teacher activity (Ponte & Chapman, op cit) There is 

much room for the teacher to work on learner participation patterns, as well as task 

demand (and these are inevitably inter-related); at the same time her example space 

even in sub-event 4.3, evidences awareness of and skill in producing a sequence of 

examples that bring the operation of division with varying algebraic fractions into 

focus, hence the value of this specific aspect of MDI. While not within scope here, 

contrasting levels in earlier observation of this teacher indicates an expanded example 

space and more movement in her talk between colloquial and mathematical discourse. 

The MDI framework is thus helpful in directing work with the teacher (practice), and 

in illuminating take up of aspects of MDI within and across teachers (research); e.g. 

our analysis across teachers suggests that take-up with respect to developing generality 

of explanations is more difficult. We contend further that content illumination through 

examples is productive across pedagogies and so across varying contexts and practices. 

The MDI framework provides for responsive and responsible description. It does not 

produce a description of the teacher uniformly as in deficit, as is the case in most 

literature that works with a reform ideology, so positioning the teacher in relation to 

researchersô desires (Ponte & Chapman, op cit). We have illustrated MDI on what 

many would refer to as a ótraditionalô pedagogy. MDI works as well to describe lessons 

structured by more open tasks, indeed across ranging practices observed.  

CONCLUSION 

In this paper we have communicated the overall framework, and illustrated its potential 

through analysis of selected project data. What then of its wider potential? While we 

have suggested this in pointing to our use across a range of practice in our data, we 

recognize that MDI arises in a particular context. Its potential beyond the goals of the 

WMCS project needs to be argued. Analytic resources are necessarily selective, 
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reflecting a privileged reading of mathematics pedagogy. We have made these visible 

and explicit, and hold that its generativity lies in their theoretical grounding. 
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This paper concerns a competencies-based analysis of the outcomes of a role-play 

activity aimed to foster conceptual understanding of mathematics for first year 

engineering students. The teacher role has been considered in order to investigate the 

competencies addressed by the questions created by the students and their matching 

with the activityôs educational goal. The analysis shows that the quality of the posed 

questions made by the students highlights the moving from the instrumental approach, 

the students are used to, towards a relational one. 

INTRODUCTION  

In this paper we focus on the analysis of the outcomes of a role-play activity aimed to 

foster conceptual understanding of mathematics for first year engineering students. 

The design of the activity was suggested from the fact that, during some interviews, 

some students ascribed their poor performance to strange and unexpected questions. 

This suggested the idea to support the students by on-line, time restricted activities 

based on role-play, which actively engage them and induce them to face learning 

topics in a more critical way. Students are expected to play the role of a teacher in order 

to force them to ask questions. 

In the following we are going to investigate the outcomes produced by the students and 

to discuss the findings with respect the goal of the activity. We have used the Niss 

competencies framework (2003), also referred by the European Society for 

Engineering Education ï SEFI (2011), to analyse the questions created by the students 

assuming the teacher role. Our research questions were: 

a. what competencies are addressed by the questions posed by the students? 

b. does the posed questions address relational knowledge/conceptual understanding 

rather than instrumental ones? 

Finally, we try to draw some ideas for further work concerning the other roles played 

by the students. 

 THEORETICA L BACKGROUND  

Competence in mathematics is something complex, hard to define which requires the 

students not only knowledge and skills, but at least some measurable abilities, which 

Niss names competencies (Niss, 2003). He has distinguished eight characteristic 

cognitive mathematical competencies. The following table lists them in two clusters: 
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The ability to ask and answer questions 

in and with mathematics 

The ability to deal with mathematical 

language and tools 

  

[1] Mathematical thinking competency [5] Representation competency 

[2] Problem handling competency [6] Symbols and formalism competency 

[3] Modelling competency [7] Communication competency 

[4] Reasoning competency [8] Tools and aids competency 

  

Table 1: Cluster related to cognitive mathematical competencies 

Mathematical thinking competency includes understanding and handling of scope and 

limitations of a given concept; posing questions that are characteristic of mathematics 

and knowing the kinds of answers that mathematics may offer; extending the scope of 

a concept by abstracting and generalizing results; distinguishing between different 

kinds of mathematical statements (theorems, conjectures, definitions, conditional and 

quantified statements). 

Problem handling competency includes possessing an ability to solve problems in 

different ways; delimitating, formulating and specifying mathematical problems. 

Modelling competency includes analysing the foundations and properties of existing 

models, and assessing their range and validity; decoding existing models; performing 

active modelling in given contexts. 

Reasoning competency includes understanding the logic of a proof or of a 

counter-example; uncovering the main ideas in a proof, following and assessing 

otherôs mathematical reasoning; devising and carrying out informal and formal 

arguments. 

Representation competency includes understanding and utilising different kinds of 

representations of mathematical entities; understanding the relations between different 

representation of the same object; choosing, making use of and switching between 

different representations. 

Symbols and formalism competency includes decoding symbolic and formal language; 

understanding the nature of forma mathematical systems; translating back and forth 

between symbolic language and verbal language; handling and manipulating 

statements and expressions containing symbols and formulas . 

Communication competency includes understanding otherôs mathematical texts in 

different linguistic registers; expressing oneself at different levels of theoretical and 

technical precision. 

Tools and aids competency includes knowing and reflectively using different tools and 

aids for mathematical activity. 
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EXPERIMENT SETTING A ND METHODOLOGY  

The setting is a University with a 3-year BSc degree in Electronic Engineering and first 

year students taking part in a two trimester intensive modules in mathematics. Our 

research focus on the second module, which concerns topics from linear algebra and 

calculus. The module has ten hours per week in face-to-face traditional 

lectures/exercises sessions, supported by an e-learning platform which provides the 

students with various learning resources and communication tools. The experiment has 

been performed with voluntary students, who were liked to be involved in a massive 

and more interactive use of the e-learning platform. 

From the viewpoint of the theory of mathematics education, the online experimental 

activity, we are going to describe, can be framed within the so-called ódiscoursiveô 

approach (Kieran et al., 2001). The activity is based on role-play and has been 

organized as follows. The course contents have been split into different parts and each 

part into as many topics as the involved students. For each part a cycle of activities 

based on role-play has been created. Three topics have been assigned to each student, 

corresponding to three roles played by the student. Each cycle took nine days, three per 

role. For the first topic, the student acts as a teacher who wants to evaluate the topicôs 

learning so he/she has to prepare some suitable questions ï at least six questions. For 

the second topic, the student has to answer to the questions prepared by a colleague. 

Finally for the third topic, the students again acts as a teacher, checking the correctness 

of the work made by the previous two colleagues. At the end of each cycle, the files 

produced by the students were revised by the teacher-tutor of the course and the 

revised files were made available to the students. All the produced worksheets were 

stored in a shared area of the platform in order to be available to all the students. 

A COMPETENCIES -BASED ANALYSIS 

In the following we want to analyse studentsô work concerned the first role using the 

framework of the above Niss competencies. The methodology used for the analysis has 

been adapted from Jaworski (2012, 2013).   

Let us see some examples (the number in the square brackets refers to the table 1). 

In the first role we find questions asking for: 

The definition of some concepts involved in the topic at stake: 

Q1: ñWhat is an Euclidian space?ò 

Q2: ñWhich means ñf differentiable in xò?ò 

Q3: ñGiven the basis B = {u1,é,un} of V, you can write v = x1u1+é+xnun for suitable 

(x1,é,xn)  ʻ to..?ò  

Q4: ñWhich relation does exist between vector space and Euclidean space?ò 

We note the different formulation of the first two questions, which refers to different 

expectations and then different competencies. While in all the cases the expected 
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answers require the student to recognize and the scope and limitation of the 

mathematical concept [1], in the second case the ability to deal with mathematical 

language seems to be stressed [5, 6, 7]. In fact, questions such as ñwhat isé?ò let the 

students to answer using for instance only formal language, reproducing a definition in 

a textbook; questions such as ñwhich meansé?ò require more deeply understanding 

which allow the student to use various mathematical representations, including verbal, 

to understand formal language and to translate it to verbal language and finally to 

express oneself mathematically in different ways. The third question refers to the span 

property of a basis. It requires the students to includes to handle symbolic expression 

[6], recognize the concept/property [1] and knowledge its scope and limitations [1]. 

The fourth question, instead, concerns the scope and the limitation of the two concepts 

at stake [1], but it also requires to make connections between them, recognizing for 

instance if and how one extends the properties of the other class of objects. 

The understanding of the steps in a given proof: 

Q5: ñIn which steps of the proof the linearity of the function is used?ò  

Q6: ñWhy the Lagrange theorem is applied in the interval [x,x+h]?ò 

Q7: ñThe equation y '(x) = g (x) for which theorem has solution in [a, b]?ò 

The above questions refer to proof of theorems seen by students during lectures and 

available in their textbooks (Q5 ï differential theorem, Q6 ï dimension theorem, Q7 ï 

Cauchy problem for differential equations). All of them require the students first of all 

the ability to understand already existing chain of logical arguments in order to prove a 

statement starting from fixed hypotheses [4]. Moreover, questions such as Q5 require 

the student to make his own chain of arguments in order to justify the application of a 

given theorem [4] and also to express himself mathematically [7], whilst questions 

such as Q7 require to make connections with previous knowledge to justify a statement 

in the proof. Finally, we note that, in order to answer the questions, students need to 

recognize some mathematical concepts (homomorphism in Q5) and to understand their 

scope and limitation (Lagrange theorem in Q6) [1]. 

The recognition of  the main ideas in a proof: 

Q8: ñWhich are the main steps in the proof of the differential theorem?ò 

Q9: ñIn the proof of the Steinitz lemma, which is the fundamental step allowing to 

prove the thesis? 

Both questions refer to the ability of uncovering the central ideas in given proofs [4]. 

At the same time the answer requires the student from one hand the ability of express 

himself mathematically in different ways [7], also using verbal language, and thus it 

requires the capability to understand symbolic language in formal proof and translate 

in verbal language [6]. Moreover, the answer to Q9 requires the student to connect the 

existence of non-trivial solutions of a suitable homogeneous linear system to the 

existence of non-trivial solutions of the vector equation in the definition of linear 

dependence of vectors [1]. 
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The construction of their own proofs: 

Q10: ñIn the proof of the Steinitz lemma, why the rank of A is less or equal to n?ò 

Q11: ñIn the proof of the differential theorem, prove that all the hypotheses needed to 

apply the Lagrange theorem are verifiedò 

Q12: ñIs in R
n
 (n>1) differentiability equivalent to continuity?ò 

The above first two questions refer to the ability of constructing informal and formal 

own arguments in order to justify and make clear some steps in a given proof [4]. This 

require the capability of handling and manipulating symbolic statements and 

expressions and switch between them and verbal language [6] and the ability of 

express himself at a certain level of theoretical and technical precision [7]. The 

difference between the two questions seems to be a greater formality of Q11 with 

respect to Q10, made evident by the use of the word ñproveò, highlighting different 

weights of  [6] and [7] for each of them. The last question requires the student to 

identify the scope of the equivalence between differentiability and continuity ï just R 

[1] ï and it is expected that the student is able to prove the true implication and to give 

a counter-example in the other case [4, 7].  

The conversion among various semiotic representations: 

Q13: ñIn the Cauchyôs problem which means the expression yô(x0) = y0 graphically?ò 

Q14: ñExplain in words the Cauchy problemò 

Q15: ñWrite the Cauchy problem (in mathematical language)ò 

The above questions refer explicitly to the ability of using different kinds of semiotic 

representation systems of mathematical entities, including verbal language, and the 

capability of passing from one to another, which is the Duval conversion process 

(Duval, 2006). Even if we have already noted that such process is implicitly required in 

other questions, here it is the main focus and it seems us important since Duval states 

that such capability has to be trained and suggests to make such kind of explicit 

activities. The pre-requisite of such questions concerns symbol and formalism 

competency and the answer to Q13 and Q14 requires communication competency. 

According to the methodology shown by the above examples, all the questions made 

by the students has been analysed and for each of them the addressed mathematical 

competencies have been individuated. The following table resumes the outcomes of 

this analysis ï L* refers to linear algebra topics and C* to calculus ones. 

The course setting does not make use of tools, so the related competency has not taken 

into consideration.  

Looking at the outcomes, we can note that the quite predominant competencies 

addressed by the questions concern the ability to ask and answer questions in and with 

mathematics, in particular thinking and reasoning mathematically. Interviews have 

give evidence that it depends on the teacher role played by the students, which have 

emulated the way their teachers act with them during exam sessions. 
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Competency\ 

Topic 

L1 L2 L3 L4 L5 L6 L7 L8 C1 C2 C3 C4 C5 

Thinking math. 3 7 6 5 11 9 5 5 3 6 6 3 4 

Problem solving 1 2 1 1 5 0 2 1 0 0 3 1 2 

Modeling math. 0 1 0 0 0 0 0 0 0 0 0 0 0 

Reasoning math. 3 1 4 3 0 5 2 3 2 8 4 1 0 

Representation 4 1 0 0 0 5 0 0 2 0 1 4 5 

Symbols  6 2 0 0 0 5 2 0 0 2 1 5 3 

Communication 6 8 10 6 10 13 8 6 6 7 6 9 9 

Aids and tools - - - - - - - - - - - - - 

Table 2: Analysis of mathematical competencies in posing questions. 

Moreover, also the communication competency is strongly addressed, for the nature 

itself of the activity which requires the students to express mathematically each other.  

Considering the above remarks, we can state that most of the questions address 

relational knowledge/conceptual understanding rather than instrumental ones, and thus 

the goal of the activity seems to be achieved from our point of view.  

This conclusion has been also supported by: 

¶ studentsô feedbacks, which reports their appreciation of  the teacher role, 

because it has allowed them to be in the teacherôs perspective, so getting able 

to understand the educational goals which are more conceptual than 

instrumental; 

¶ studentsô marks at the next exams, which have obtained a better advancement, 

due to the fact that this kind of activity has given the students a sort of 

guidance for the organization of their study, providing time constrictions, 

topics to revise, indications of the relevant activities. 

Moreover, the students report that to ask questions have helped them to study in a more 

critical and deeper way, with greater care, because it is not simple to pose a question 

due to the fact that there is no method to do that. At the same time, the request of a 

certain minimum number of questions on a topic requires to range over all the 

programme, not only concentrating on the specific and restricted topic but also paying 

attention to all the other linked topics. It is also interesting to note that some students 

has used this role to make critical points clear (posing as questions exactly their own 

doubts). Finally we noticed some non-cognitive aspects such as the trend to pose non 

trivial questions, also for pride reasons, and this has required the mastery of the topics. 
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CONCLUSIONS AND FUTURE WORK  

In this paper we have began to analyze the outcomes of a role-play activity aimed to 

foster conceptual understanding of mathematics for first year engineering students. 

The analysis has been performed using the Niss competencies and SEFI framework 

and has concerned the work of the students in the teacher role.  

We plan to continue the analysis of the second role, in particular we are interesting to 

see what competencies are addressed by answering to the posed questions and its 

matching with the expected competencies revealed by the questions. 
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UNDERSTAND HIGH SCHOOL MATHEMATICS TEACH ERSô 

CLASSROOM PRACTICE IN SA UDI ARABIA  
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Simon Fraser University 

 

In this paper, patterns-of-participation theory serves as a lens to interpret and 

understand Saudi high school mathematics teachersô practices during the current 

reform movement and the role the new textbooks play in influencing teachers practice. 

The data presented is about Haya and Nora, two experienced, high school 

mathematics teachers. Generally, Noraôs and Hayaôs practice as high school 

mathematics teachers reveals patterns of tension and confusion with regards to 

understanding the current reform movement in Saudi Arabia. 

INTRODUCTION  

One of the main goals of most education reform initiatives has been to change 

teachersô classroom practices. The most recent reform curricula focuses on 

highlighting teacher practices that promote and evoke studentsô understanding of 

mathematics alongside the changes in content (Tirosh & Graeber, 2003). Changes to a 

teacherôs role that are included in the education reform movement call for more 

research in order to understand and theorise about teachersô classroom practices. The 

Saudi Arabian education system has undergone major changes in the past decade. 

Government agencies involved in education have introduced new policies, standards, 

programs, and curricula with the expectation that teachers incorporate the changes 

seamlessly and without consideration of existing beliefs and practices. My main 

research goal is to gain a better understanding of how high school mathematics 

teachers in Saudi Arabia are coping with recent education reform including how their 

practices are changing in response to the changes that are happening in the education 

system in general, and specifically, to the introduction of the new mathematics 

textbooks. In this article, patterns-of-participation (PoP) (Skott, 2010, 2013) approach 

will serve as a lens to interpret and understand Saudi high school mathematics 

teachersô practices during the current reform movement and the role the new textbooks 

play in influencing teachers practice.  

Textbooks in mathematics classroom: 

For a long time, school mathematics has been associated with textbooks and 

curriculum material (Remillard, 2005). According to Trends in International 

Mathematics and Science Study (TIMSS), textbooks and documents such as exercise 

resources for use in classrooms as teaching aids, remain important elements in 

mathematics classrooms in many countries. Textbooks play an important role in 

shaping the curriculum experiences of mathematics (TIMSS 2011). This fact is 
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especially true in Saudi Arabian high schools. Textbooks provide teachers with a basic 

outline for thinking about what mathematics should be taught, when, and how. In 2010, 

the Ministry of Education introduced new mathematics textbooks, the primary, and 

sometimes only, resource for teachers. The Ministry sees this initiative as a major step 

towards creating change in teaching practices. 

In Saudi Arabia textbooks have official status clearly reflecting official curriculum. 

The new approved mathematics textbooks in Saudi Arabia are based on the curricula 

published by McGraw Hill Education learning company. According to the ministry of 

education in Saudi Arabia, the new mathematics curriculum aims to (a) help students 

to develop higher-order mathematics thinking skills,  (b) develop ways of mastering 

these skills, (c) construct a strong conceptual foundation in mathematics that enable 

students to apply their knowledge, (d) make connections between related mathematical 

concepts and between mathematics and the real world, and (e) apply mathematics 

logically to solve problems from daily life (Ministry of Education of Saudi Arabia, 

2013).  

Traditionally, curriculum materials or textbooks have been a center agent of policies to 

regulate mathematics practice in ways that parallel instruction with the reform 

perspective (Remillard, 2005). Textbooks are often the main resource for students and 

teachers in the classroom, offering the everyday materials of lessons and guiding the 

activities teachers and students do. As a result, educational policy makers use 

textbooks as an essential means to decide what students learn (Battista & Clements, 

2000). 

Research on teachersô curriculum use focuses on understanding how teachers ñinteract 

with, draw on, refer to, and are influenced byò curricular materials when designing 

their lessons (Remillard, 2005, p.212). While effective student learning is one expected 

outcome of textbook use, the development of teachersô techniques and practice is an 

additional desired outcome. Researchers have only recently started to shed the light on 

the impact of curriculum materials on teachers and how teachers use them (Remillard, 

Herbel-Eisenmann, & Lloyd, 2009). The focus of how teachers interact with and use 

curriculum materials has not been always considered significant to studying 

curriculum. Historically, research about school curricula relied mainly on examining 

the textbooks to restructure the contents of classroom practice (Love & Pimm, 1996). 

Reform efforts in mathematics education are the product of curriculum development 

supported by standards adopted by the National Council of Mathematics Teachers 

(NCTM, 2000). Teachers face the demand of applying new curriculum materials, and 

adopt new conceptual and pedagogical approaches to teach new standards-based 

curriculum (Remillard, 2005). 

THEORETICAL FRAMEWOR K 

Skott (2010, 2013) introduced PoP as a promising framework, which provides 

coherent and dynamic theoretical understandings of mathematics teacher practices. 

Skottôs (2009, 2013) main motivation in developing this framework was to overcome 
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the conceptual and methodological problems of belief research. Although some 

researchers such as McLeod and McLeod (2002) note that there has been significant 

advancement in the study of beliefs and affect in mathematics learning, the progress 

can be more noticed in relation to theoretical aspects, researchers still call for more 

extensive studies to assure that progress exists in the quality of instruction. However, 

Skott (2009, 2013) views the call for more work to do, after all what has been done, in 

the field for beliefs research as a negative sign. ñTo a large extent, then, belief research 

is still conceived of as a promising field of study. Phrased negatively, however, its 

still-promising character suggests that after 20 years of persistent effort, the field has 

still not lived up to the expectations of its foundersò (Skott, 2009, p. 28). 

The challenges and complexity associated with beliefs research has led some 

researchers, such as Skott (2009, 2013) and Gates (2006), to call for more social 

approaches to beliefs research. Gates (2006) indicates that there is a need to take a 

social approach when studying teacher belief systems because it will shift focus from 

cognitive constructs. A change toward sociological constructs will balance existing 

views about the nature and genesis of beliefs. Skott (2010) also supports this view 

indicating that taking a context ï practice approach by adopting PoP as a framework 

provides more coherent and dynamic understandings of teaching practices. 

Furthermore, it will help in resolving some of the conceptual and methodological 

problems of a beliefïpractice approach while maintaining an interest in the meta-issues 

that constitute the field of beliefs.  

The social approach of research in mathematics education has progressively promoted 

the notion that practice is not only a personal individual matter; it is in fact situated in 

the sociocultural context. Although the relationships between individual and social 

factors of human functioning have generated much debate in mathematics education, it 

is mainly in relation to student learning (Skott, 2013). Therefore, PoP is a theoretical 

framework that aims to understand the relationships between teachersô practice and 

social factors. To a considerable degree, PoP adopts participationism as a metaphor for 

human functioning more than mainstream belief research. Therefore, PoP draws on the 

work of participationism researchers, specifically Vygotsky, Lave and Wenger, and 

Sfard.  

Skott (2010) initially developed the patterns-of-participation framework in relation to 

teachersô beliefs. However, in order to develop a more coherent approach to 

understand teachersô practices, Skott (2013) extended the framework to include 

knowledge and identity. Research on teachers has mainly focused on studying three 

relatively distinct domains: teachersô knowledge, beliefs, and identity. This leads to 

some incoherence that negatively influences the understanding of the teachersô role in 

classrooms. Skott presents PoP as a coherent, participatory framework that is capable 

of dealing with matters usually faced in the distinct fields of teachersô knowledge, 

beliefs, and identity.  
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METHODOLOGY  

This paper is part of an ongoing study that intends to develop more coherent 

understandings of Saudi high school mathematics teachersô practices during the 

current reform movement. The data presented in this paper comes from two 

experienced high school mathematics teachers Nora and Haya. Nora has 13 years of 

experience teaching mathematics in public and private middle and high school in Saudi 

Arabia. She has a Bachelor degree of Science with a specialization in mathematics. 

Nora has never taken any education courses. Haya has 10 years of experience in public 

high school. She has a Bachelor degree of Education with a specialization in 

mathematics. The education courses Haya had in university focused on general issues 

related to teaching, such as lesson planning and classroom management. 

I conducted a 60-minute, semi-structured interview with both participants. I invited 

them to reflect on their experiences with mathematics and its teaching and learning 

during their years of experience. During the interview, they expressed their views 

about the recent reform movement in Saudi Arabia. I also asked them to reflect on their 

experience teaching mathematics using the old and new textbooks. Interviews were 

audio recorded and transcribed. As used by Skott (2013), I used a qualitative analysis 

approach based on grounded theory method.  

DISCUSSION 

Being a teacher in an era of educational reform 

Nora shows her deep personal commitment to current educational reform in Saudi 

Arabia. She believes that the pace of educational reform has been increasing at the 

global level and Saudi Arabia needs to join the global movement of education reform. 

She emphasizes the need to be reasonable and fair when we talk about recent reform 

efforts.  She explains, ñreform is one of the controversial topics among people who are 

interested in educational issues in Saudi Arabia...but we have to admit, changing is 

difficult and complicatedò. In the interview, Nora indicates that success of reform 

movements depends, at least in part, on the degree of match between teachersô 

perceptions of the teaching practice and their role as teachers, and the demands of the 

reform movement. She states that ñcreating a positive change starts with creating a 

motivated teacherò.  

Haya on other hand has more skeptical view abut recent reform movement in Saudi 

Arabia. She states, ñI think reform ideas are something nice to read about in a book or 

something. These ideas usually are not applicable to a real world classroomò. She 

argues that many teachers are confused when it comes to understanding the goals of the 

recent reform movement. She blames the Ministry of Education for this confusion. She 

explains that, on one hand, the Ministry introduces new mathematics curriculum which 

they claim will change the culture of mathematics learning in schools towards a focus 

on reasoning and problem solving, but on the other hand, the Ministry established new 

standardized tests for high school students which maintains a traditional 
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teacher-centered and exam-based educational environment. She claims that the 

ultimate teaching objective ñwas and still isò to improve studentsô exam marks and the 

recent reform movement failed to change this objective. 

New mathematics textbooks impact 

Nora expresses that before the introduction of the new textbooks, she was very 

enthusiastic. She believes that the new textbooks are generally better than the old 

textbooks. She also believes that the new textbook supports student learning and 

creates more positive and engaging environment in the classroom. However, Nora 

indicates that she feels isolated and unsupported in her use of the new curriculum 

materials. She states, ñVery often I have questions about the textbook, but I donôt know 

where I canôt find answersò. She complains that the Ministry of Education did not take 

teachersô preparation of the use of the new textbooks into account. She indicates that 

the only other resource she has besides the teacher's guide is her communication with 

other mathematics teachers in her school. Conversations Nora has with other teachers 

provide support and a rich resource for Noraôs practice. After the implementation of 

the new textbooks, Nora and her colleagues started talking more about teaching 

mathematics.  

Nora comments about her teaching using the new textbooks; ñalthough I feel that the 

new textbook could offer a better learning experience to the student.., I am not sure if I 

am using it effectively...Iôve been trying to change since we adopted the new 

textbooks, but sometimes I feel that changes are not obvious in my practice.ò She 

indicates that the textbooks motivate her to reflect on her own teaching practice. She 

explains that teachers need to learn not only from textbook but also from their own 

teaching practice.  

Nora argues that one of the most positive aspects about the new textbooks is that many 

of the activities ask students to explain and express their understanding. Nora says that 

her students find it difficult to put their understanding into words because they are 

simply not used to talking in the mathematics classroom as they do in other classes. 

However, Nora indicates that some of the activities presented in the textbook do not 

make sense. She explains, ñI honestly donôt feel that I should let the textbook control 

what I do in the classroom all the timeò. It seems to me that Nora struggles with 

eliminating the authority of the textbook on her practice.  

Hayaôs unsettling sense of confusion regarding curriculum change is noticeable in her 

remarks. While she indicated that the new textbooks are better than the old textbooks, 

she is sceptical about the impact these textbooks could have on teaching practice. Haya 

believes that most mathematics teachers have outdated perceptions of mathematics 

teaching and learning and merely changing the textbooks is not going to change 

teachersô perceptions.  She expresses her frustration about the big gap between 

societyôs high expectations towards teachers and teachersô real capability of meeting 

these expectations. 
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When Haya describes her teaching practice after she started using the new textbooks, 

she explicitly indicates that change is something she thinks about more than she 

actually applies in her classroom. She explains that sometimes her classroom seems 

more interactive and engaging, but what students actually learn is very limited. She 

also criticizes the new textbooks because they do not address studentsô different 

mathematical ability levels. She thinks the textbooks are designed for students with 

strong mathematical skills but students with low skills find many activities of the 

textbooks confusing. 

What does it mean to do mathematics? 

During the interview, Nora discusses the issues of classroom culture around what it 

means to ñdo mathematicsò. She believes that there is a common culture in school 

mathematics which views doing mathematics as sitting quietly at a desk, finishing a 

worksheet, using the textbook as a main resource and turning in the completed work 

prior to class ending. The new textbooks, in Noraôs view, challenge this old lasting 

culture. Nora comments on the textbookôs presentation of situational problems which 

are connected with real life situations. She believes that the textbook surely make some 

positive transformations compared to old textbooks, which simply delivered 

mathematical concepts in a very isolated manner. However, she also indicates that 

making the connection is not always easy.  

Both teachers consider examinations as being powerful force in forming and directing 

how teachers and students do mathematics. Doing mathematics in Hayaôs classroom is 

extremely influenced by studentsô achievement and tests marks.  She argues that high 

school students care most about doing well in school exams and standardized tests.  

She explains her job as a teacher is to help her students ñknow how to do mathematicsò. 

Haya also comments on some activities in the textbook which encourage students to 

explain their understanding and justify their solutions. She indicates that she tries as 

much as she can to include these activities in her classroom practice, but at the same 

time, she claims that high school is too late to start encouraging students to master 

these types of communication skills in the mathematics classroom.  

RESULTS AND CONCLUSION 

Both teachers show their commitment to the profession and express their concern for 

doing what is best for their students. They both indicate that the content and structure 

of the textbooks changed significantly from the former textbooks.  Studentsô 

achievement and tests marks are significant to the classroom practice of both teachers. 

Also, Noraôs and Hayaôs practice as high school mathematics teachers reveals patterns 

of tension and confusion with regards to understanding the current reform movement 

in Saudi Arabia. The lack of support and guidance both teachers received before and 

after the implantation of the new textbooks has a negative impact on their use of the 

textbooks in their classrooms. Both teachers developed a sense of isolation in the 

current reform movement. Also, part of the tension both teachers are experiencing 
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comes from their struggle with eliminating the authority of the textbook in their 

practice. 

Both teachers have developed a sense of obligation and stress to improve their teaching 

practice. Nora seems more motivated about improving her teaching practice; she uses 

the new textbook as a tool for self-directed professional development. The different 

perspective the new textbook offers about mathematics learning encourage her to 

reflect more on her teaching practice. Also, Noraôs interaction with other teachers in 

her school is significant to her classroom practice.  

Haya on the other hand appears less motivated about the making changes to her 

teaching practice. It seems that her perceptions on teaching and learning are being 

compelled to change in order to keep up with reform demands. She is uncertain about 

the meaning of the change and has some resistances to making changes in her practice.  

With her struggles to make some changes in her practice, her conceptions of teaching 

and learning mathematics seem to remain the same. Although she indicates she was 

very supportive about the implementation of the new textbooks, a sense of uncertainty 

about the value of the new textbooks started to emerge in her practices.  

Understanding the patterns in the ways in which the two teachers participate in these 

practices and contribute to their constant reconstitution and renegotiation of their 

teaching is a complex task. Using the data I collected from the interviews, I was able to 

get a sense of some of the practices that are significant to the two teachersô classrooms 

participation. However, to develop a better understanding of both teachersô practice as 

mathematics teachers, more data is needed. The use of multiple open interviews in 

combination with observations of classroom and staff-room interactions may allow 

access to practices and figured worlds beyond the classroom (Skott, 2013). Skott 

(2013) also suggest that ñteacherôs narratives about her own schooling; about formal 

and informal collaborative activities with her colleagues; and about discursive 

manifestations such as the reformò provide deeper understanding to the meanings 

teachers bring to their classroom practice (p. 552).  
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PARENT-CHILD MATHEMATICS: A  STUDY OF MOTHERSô 

CHOICES   

Ann Anderson, Jim Anderson 

University of British Columbia 

 

Research on mathematics found in óeverydayô interactions (e.g., Walkerdine, 1988) 

often relies on analysis of parent-child talk during studies of social interactions and/or 

literacy events more generally. In contrast, from the outset of the current study, 

parents were aware that mathematics was the focus of study and that each of them 

would determine the activities to be video-taped in their home. In this paper, we report 

on the types of activities six middle class mothers perceived as opportunities to engage 

their preschool child with mathematics. Analysis also included the patterns found 

within and across families. Overall, the mothers documented play-based events, many 

of which were common across four or more homes and entailed óless conventionalô 

mathematics. Parental styles of mathematical engagement are discussed.   

BACKGROUND  

Gifford (2004) argued that the formal and informal pedagogy that supports childrenôs 

development of early mathematical competence has not been well documented. While 

we know children enter school with considerable mathematical knowledge, we know 

much less about the ways in which parents and significant other family members 

support them in developing that knowledge prior to school. Much of the recent 

research, into young childrenôs mathematics learning within the context of home and 

family relies on parent reports (e.g., Lefevre et. al. 2009) or observations of 

parent-child interactions during activities or tasks, using materials provided by the 

researchers (e.g., Vandermaas-Peeler, Nelson, Bumpass & Sassine, 2009; Anderson, 

Anderson & Shapiro, 2005: Anderson, 1997). This research on young childrenôs 

engagement in mathematical activities at home demonstrates considerable diversity 

across families in terms of the frequency and types of math, although findings across 

studies indicate that families tend to emphasize counting and number concepts (e.g., 

Anderson, Anderson & Thauberger, 2008). Of particular relevance to the current study 

are the few studies (Walkerdine, 1988; Aubrey, Bottle & Godfrey, 2003; Trudge & 

Doucet, 2004), which investigated parent-child interactions during ónaturally 

occurringô events at home through audio or video recording or direct observations. In 

these studies, although researchers identify the mathematics evident in activities and 

events or in parent-child interactions, it is unclear whether the parents construed the 

activities as mathematical. In contrast, in the present study, we were interested in 

having parents identify the activities that they believed were examples of ways in 

which they engaged their young children in mathematics. Thus this study investigated 

the types of activities parents view as contexts for mathematics learning, and the ways 

in which the activities evolved when parents knew the focus of the study was on 
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parent-child mathematical activities and events and the interactions that occurred 

therein. We documented parentsô self-selected mathematical activities in the context of 

their home, providing insight into the nature of activities that mothers perceive as 

opportunities to engage their preschool child with mathematics. By asking participants 

to identify and document mathematical activities and events in the home, the current 

study augments previous studies, which rely on parent reports alone. Likewise, unlike 

studies where researchers provide the materials and tasks for the parents and children, 

the current study observed the ways in which the parent-child dyads constructed 

activities using resources found in their homes. 

Our research is informed by socio-historical theory (e.g. Vygotsky, 1978; Wertsch, 

1998) and the notion that learning is social, as well as individual. Children learn to use 

the ñcultural toolsò such as mathematics of their community and culture 

inter-psychologically as they are guided and supported by parents and significant other 

people. As they practice using these ñtoolsò and support is gradually withdrawn, 

children learn to use them intra-psychologically or independently. 

METHOD  

Six families were recruited from an unaffiliated Child Study Centre located on a 

university campus. The children (5 girls, 1 boy) were two and a half years old at the 

beginning of the study. The parents were well-educated, middle to upper-middle class, 

and lived in relatively affluent neighbourhoods adjacent to the university campus. On 

mutually convenient occasions spread over two years, we videotaped parent-child 

dyads (4 mother-daughter, 1 father- daughter, 1 mother-son) participating in everyday 

óat homeô events of their choosing (e.g., baking cookies, viewing photos). As indicated 

earlier, we informed parents at the outset that the research focus was on childrenôs 

early mathematics in the home. At the beginning of each home visit, the mother 

designated the shared activity that was to be videotaped. Four of the families were 

video taped by the same research assistant, who remained the field researcher for the 

duration of the study. Two of the mothers opted to carry out their own videotaping, an 

option made available to all parents. The number of video taped sessions varied across 

the families (i.e. 4-10), with all sessions lasting at least 15 minutes.  

To analyse the data, we viewed the videotapes of each family three times, and wrote 

comprehensive notes during each viewing. We then transcribed each videotaped 

session for each family in its entirety. The first author read the transcripts three times, 

referring to the initial notes each time so as to provide thorough documentation and 

understanding of each episode. Each transcription was then analysed in terms of the 

types of activities and events in which each family engaged. Patterns across and within 

families and similarities and differences across activities and events were determined. 

Secondly, parent-child interactions were analysed according to the extent to which 

mathematics was explicitly present in the interactions as the activity evolved. For that 

analysis, we used five a five point scale, namely mathematics was deemed: (a) 
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prevalent b) a major focus c) an equal focus with other aspects d) a minor focus or e) 

incidental throughout the activity, from an observersô perspective. 

RESULTS 

Because each mother individually identified the activities and events to videotape 

without consulting any other participants, diversity across families was anticipated. 

Overall, 44 specific activities (e.g., playing Snakes & Ladders; viewing Photos) were 

documented. When these were clustered according to general defining features (e.g., 

board games; family time), thirteen categories emerged (see Table 1). Eleven of the 13 

categories contained activities chosen by at least half of the mothers. The most 

common categories were puzzles, pretend play, board games, story time, family time 

and playing with toys. Closer examination revealed that the activities chosen were 

mainly those we intuitively associate with childrenôs play (i.e., using stickers to create 

pictures) and childôs at-home participation in family routines (i.e., baking cookies) 

with minimal examples of school-like activities. Indeed, these mothers predominately 

chose to videotape adult-child play of one sort or another. 

As might be expected from the design of the study, each videotaped activity within the 

categories was unique to the parent, child and materials involved. For instance, the 

ónumberô puzzles that the Adam (pseudonyms are used throughout) family used 

incorporated puzzle pieces with a numeral fitting onto a background space showing the 

same number of objects. On the other hand, the jigsaw puzzles that the Pimm family 

used involved a picture broken into a number of irregular, interlocking pieces. Such 

contrasts led us to consider to what extent the mothersô choices were based on overt 

mathematical features of some materials marketed to homes. We labelled an activity 

óconventionalô, when numerals, shapes and counting were key features of the material 

(e.g., BINGO) and óless conventionalô when mathematical elements or features were 

not deemed key to the typical use of the material (e.g., Hungry Hippos). Analysis 

revealed that about one-quarter of the activities (11), which the mothers chose to 

videotape, involved commercially produced mathematical materials, while over half of 

the activities (27), were characterized as less conventional, mathematically. 

Finally, to describe the extent to which mathematics was explicit during the chosen 

activities, we used a 5-point scale described earlier (See Table 2). For example, as the 

Beet dyad played checkers, the mother often explained her moves and what might 

happen if the child moved one way or another. After a checkmate, the mother counted 

the checkers, and on one occasion the child made (and named) a square with four 

checkers. Here, counting and shape recognition were deemed explicit attempts to 

include mathematics, whereas the motherôs explanations appeared to illustrate ñhow 

toò play the game. Thus we assigned ñ(d) Math occupies a minor portion of the activity 

but seems consciousò to best describe the minor role explicit mathematics seemed to 

play here. (See Table 2, Beet, board game.) 
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Category Each familyôs activity 

 Adam Star Penn Pimm Liu Beet 

Puzzles Number  Jigsaw(2) Jigsaw Number Jigsaw 

Play   Store Stickers  Pegboard Traintrac

ks 

Tea party 

Board game Snakes & 

Ladders 

Hungry 

Hippos 

BINGO   Checkers 

Story time Number & 

shapes 

Felt story 

board 

 Sounds of 

World 

 Matching 

objects 

Family time  Lunch   Photos Videos  Baking 

Toys  Traintracks Cars Food/dolls Pop up   

Playdoh Sharing 

pizza 

Happy face    Making 

food 

Physical 

games 

Hopscotch   Follow the 

leader 

 Water 

sprinkler 

Matching 

games 

Cards:word 

numeral, 

dots 

  Cards: 

images 

Rods: 

ñTenò 

family 

 

School like Word 

problems 

  Yearbook 

entry 

Compu- 

ter 

game 

 

Songs 1,2,buckle 

my shoe 

Row, row 

your boat 

  ABCs  

Other games    Dreydel Macaroni   

Miscellaneous    Penny 

tracing 

  

Table 1: Activities mothers chose to videotape  

Activity  Adam Liu Penn Star Beet Pimm 

Puzzle a a c  e c 

Play a b  a d d 

Board game a  a b d  

Story time a   e d e 

Familytime  b  d a e 

Toys  b b e  e 

Playdoh a   d d  

Physical a    e e 

Matching a a    e 

School a a    d 

Songs a e  e   

Other games  a    e 

Misc      e 

a: Math is the core and goal of the activity. 

b: Math occupies a major portion of the activity but was not the original goal 

c: Math occupies an equal part of the event, other aims and content are achieved. 

d: Math occupies a minor portion of the activity but seems conscious. 

e: Math is incidental or subtle for the most part and may/may not be apparent 

Table 2: Activities ranked on a continuum of mathematical involvement 
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Once each activity/family was coded, the analysis revealed that while one mother 

(Adam), chose the same type of activity each time, the other mothers chose activities, 

which varied somewhat according to the explicitness of the mathematics. In addition, 

we were surprised to see that the familiesô profiles appeared to fall along a similar 

continuum (See Table 2). That is, these mothersô choices suggested parental styles of 

engagement whereby for two families (Adam, Liu) the majority of the activities video 

taped were explicitly mathematical, for two other families (Pimm, Beet) the majority 

of activities videotaped were incidentally mathematical and for the remaining two 

families (Penn, Starr) an eclectic style of engagement was evident. 

DISCUSSION 

Due to the small size and the homogenous nature of the sample, some caution is called 

for interpreting the findings of this study.  However, we believe the findings from the 

study are significant and contribute to the literature on young childrenôs engagement in 

mathematics at home. In previous research using self-reports and surveys (e.g., 

Lefevre et. al.), families have reported similar activities as these mothers chose to 

videotape (e.g. baking cookies; playing board games). Thus the current study provides 

further evidence of the ñmyriad of ways in which everyday practices common to many 

home environmentsò (Benigno & Ellis, 2008, p. 298) may support childrenôs 

mathematics development. However, although many of the families in the current 

study engaged in playing board games for example, analysis revealed that families 

played an array of board games with different affordances in terms of mathematical 

learning. Thus the present study provides a more nuanced insight and understanding of 

these ótaken-for-grantedô activities (i.e. ódoing puzzlesô), as a site for childrenôs early 

mathematics learning.  

That the mothers chose mainly play based activities appears to reaffirm that ñ[m]uch of 

young childrenôs exposure to math does not occur during explicitly didactic 

interactionsò (Benigno & Ellis, 2008, p. 294).  Likewise, it seems the mothers in the 

current study concur with the majority (77%) of parents interviewed by Canon and 

Ginsburg (2008) who believed ñchildrenôs mathematical learning should be 

incorporated into their daily livingò (p. 250). However, further research with families 

from diverse backgrounds is needed to determine the extent to which this holds for 

those outside the mainly Euro-Canadian, middle class homes represented here, 

especially since some cultural groups favour a more didactic form of teaching and 

learning with an emphasis on rote memory. 

Unlike the somewhat dichotomous ñinstrumental or pedagogical typificationsò put 

forth by Walkerdine (1988) and Aubrey et al. (2003) for mother-child mathematical 

interactions, in the current study, at home mathematical activity appeared to fit along a 

continuum as identified by the 5-point scale. Thus in addition to those activities at the 

extremes where mathematics was core or mathematics was incidental, we documented 

activities where mathematics played a major or minor role as well as those where 

mathematics seemed equally important to non-mathematical goals or aspects of the 
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activities.  Looking across the six families, the results of this study suggest that in 

addition to mothers who take on a ñpedagogic stanceò, and others who share more 

instrumental activity with their child, some mothers adopt a more eclectic style of 

mathematical engagement than a dichotomous view permits us to see. Of course, it 

remains to be seen if preferences seen in the video taped sessions reported here, will 

prevail in other data sources (parent interviews, diaries) yet to be analysed or if an 

eclecticism within all families might be revealed as more of the familiesô everyday 

practice is examined. While we concede that a continuum of parental practice 

complicates our search for a definitive explanation as to how and why children enter 

school with a range of mathematical knowledge, it likely better represents the 

complexity of the ways in which parents and children engage in mathematics at home. 

Further research, which accounts for the breadth and depth of mathematical 

experiences in families, is needed to better understand the nature of childrenôs 

mathematics learning prior to school.  
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METRIC EQUIVALENCE I N INTERNATIONAL SURV EYS: 

CULTURAL EDGES  

Annica Andersson, Lisa Österling 

Stockholm University 

 

This is a critical methodological paper concerning the translation and cultural 

adaptation processes of an international mathematics education survey questionnaire. 

Metric equivalence concerns not only language, but also content and activities chosen 

as indicators in the survey. We here focus the challenges when making cultural, 

historical and societal considerations when adapting a survey to a new language and 

cultural context. We conclude that the recommended back translation is not enough to 

ensure metric equivalence when adapting surveys to a new country. Therefore, we 

suggest an elaborated method for cultural adaptation. Regarding our survey, this 

resulted in a survey translation that is better culturally adapted for respondents. 

INTRODUCTIO N 

The background for this paper is the now reflected and elaborated answers to an 

important question posed at the discussion after our presentation at PME37 (Andersson 

& ¥sterling, 2013): ñWhat were your considerations during the translation process?ò 

Cross-cultural surveys imply translations of questionnaires to new languages and 

cultural contexts. To be able to compare results across the borders, the translations 

need to obtain metric equivalence. The aim of this paper is to document and describe 

the methodology we developed for translating and adapting a questionnaire from an 

Australian-Asian context into Swedish language and school culture. We here account 

for our experiences and critical reflections after the translation and adaptation of the 

international survey questionnaire within The Third Wave Project, ñWhat I Find 

Importantò (WiFi) (Seah & Wong, 2012), a survey that across cultures investigates 

what students value as important when learning mathematics. This large-scale 

quantitative investigation consists of a web-based questionnaire with 89 questions to 

be distributed to 11 and 15-year old students in 19 different countries. Our task was to 

translate the questionnaire, into Swedish with possibilities to, first, research what 

Swedish student value and, second, to be able to make international comparisons.  

In a quantitative study, a good measure of values is hard to obtain (see Andersson & 

Österling, 2013). The problems can be compared to the methodology of attitude 

surveys, where indicators of attitudes are used instead of posing direct questions 

(Sapsford, 2007). To obtain metric equivalence, it is crucial that an indicator indicates 

the same value after a translation. We aim in this study to keep the metric equivalence 

by conserving the intended meaning of each indicator after translation. Hence, we need 

to choose either culturally neutral indicators, if such exist, or we need to adapt 

indicators that conserve the intended meaning across cultural borders.  
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The WiFi-study is based on value categories from different theoretical frameworks, 

mainly mathematical values (Bishop, 1988) and cultural values (Hofstede, Hofstede & 

Minkov, 2010). The value diversity meant a need to differentiate amongst the many 

dimensions and layers of values that are portrayed in the classroom. To give some 

examples; Seah & Wong (2012) take the stance that ñvalues are regarded in [the Third 

Wave project] from a sociocultural perspective rather than as affective factors.ò This 

sociocultural perspective may imply that values can be found in relationships, 

languages and available discourses. Hofstede et al. (2010) instead define values as ñthe 

core of cultureò, explaining that culture reproduces itself and its values through 

cultural practices. Those practices can be what parents say and do when fostering their 

children, or what activities teachers choose to do in the classroom. How activities are 

values is decided by the members of the cultural group.  

The questions in the WiFi-survey questionnaire consist mainly of activities from 

mathematics classrooms. Respondents are asked to answer how important each 

activity is when learning mathematics. The different activities were chosen as value 

indicators in the WiFi-questionnaire. Therefore, we need to address cultural practices 

in the mathematics classroom to validate that the intended meaning of our indicators 

was culturally stable. In this validation process, we used several methods: repeated 

pilot tests, interviews with targeted students and educational and historical research to 

understand the cultural background of Swedish mathematics education.  

Historical, Societal and Cultural Background of Swedish Mathematics Education 

From the results of WiFi-study we will learn more about what students express as 

important learning activities in mathematics. To obtain a cultural adaptation while 

maintaining metric equivalence during translation, we needed deeper knowledge about 

societal and historical facts that form mathematics educational practices. Otherwise, it 

is hard to determine what value a value indicator indicates. To give an example, 

Lundinôs (2008) work shows that when Swedish schools became public and mandatory 

in 1842, teachers had to deal with a large number of children that were the first 

generation attending school. The first early schoolbooks had two aims; to support the 

learning of mathematics and support teachers to cope with disciplinary problems. 

ñThis need led to the promotion of schoolbooks filled with a large number of relatively 

simple mathematical problems, arranged in such a way that they (ideally) could keep 

any student, regardless of ability, busy ï and thus quiet ï for any time span necessary.ò 

(Lundin, 2008, p.376). Mathematics was used as a medium for fostering children. The 

School Inspectorateôs research report (2009) concludes that teachers are still relying on 

textbooks when planning their teaching, hence trust the textbook to fulfil curriculum 

objectives. Lundinôs (2008) explanation of the historical development might explain 

the School Inspectorateôs (2009) results. This particular way of organising 

mathematics education is believed to support teachers in managing non-homogeneous 

student groups so that each student can work according to his/her previous learning and 

needs. It is likely that parents and students expect mathematics classes to be conducted 
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this way. Hence, working quietly in the textbook has become part of the culture of 

Swedish mathematics classrooms. 

METHODOLOGY  

As commonly practiced, the WiFi-study Research Guidelines (not published) 

suggested translation and back translation as a way of obtaining metric equivalence. 

However, after having done successful back translations, we conducted a pilot test of 

the translated questionnaire with a sample of 11-year-old students. It turned out that 

there was several questions the targeted students did not understand. Therefore, we 

needed to consider how we best could adapt the questionnaire to a Swedish context, 

and how best choose contents and activities as indicators that Swedish students are 

familiar with. A back translation did not serve our purposes. We needed other methods 

for the cultural and linguistic adaptation.  

Exploring methods of cultural adaptation 

Translation and back translation can be conducted to investigate problems in the target 

text. However, this produces limited information of the quality of the target text ï 

which also, as described, became our experience. Harkness, Villard & Edwards (2010) 

criticizes the use of back translation as a standard method, drawing on research that 

shows that appraisal of the target text directly is more efficient.  

We explored, evaluated and adapted the guidelines for cross-cultural research, 

published by the Survey Research Center (2010). Harkness et al. (2010) suggests ñThe 

TRAPD Team Translation Modelò as current best practice. The steps in this model are; 

Translation, where two translators make two independent translations; Review, where 

the translations are compared and refined; Adjudication, where the translation is 

separated from review with focus on, amongst other things, a cultural adaptation; Pilot 

test and finally Documentation of every step in this process. A team should include 

translator, reviewer and adjudicator. Adjudication is suggested to follow these steps; 

linguistic mistakes in the translation process, cultural adaptation problems, questions 

that do not work in the intended group and generic problems from the source version. 

Each survey is unique, and we adapted this model to suit the circumstances of our 

project. The frames of this project did not allow for hired professional translator or to 

organize extensive pilot tests. But we had a team, consisting of three mathematics 

teachersô educators and researchers. We used the different stages iteratively, and went 

back to new translations, reviews and adjudications. During this process, we added 

scoping interviews with students as well as knowledge from earlier educational 

research to improve the cultural adaptation. Below we describe how this adapted 

model was used to improve the quality of the translated questionnaire and to keep the 

metric equivalence. 
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RESULTS 

Results from the adapted TRAPD-process 

Scoping interviews: We needed to learn more about how the intended group of 

students themselves expressed their valuing and interpreted our questions. 

Semi-structured scoping interviews (Bryman, 2012) were hence conducted. In the 

translation process, this was intended to help us use students wording and examples in 

our translation and to facilitate the understanding of the questions. 

1
st
 translation: In this stage, the translators, three persons in our case, made a close 

translation of the WiFi-questionnaire from English to Swedish. 

1
st
 review: The translators compared and reviewed each otherôs translations in review 

meetings to decide on the best translation. We focused at this stage to keep the 

translation as close to the original version as possible for a successful back translation. 

Back translation: Two persons, who had not previously seen the questionnaire, 

conducted the back translation from the Swedish translated questionnaire to English. 

1
st
 adjudication: In our project, also the adjudication was a team work. We compared 

the original and the back translated questionnaires and used colour codes to grade the 

similarities/differences between them. Since the 1
st
 translation was close to the source 

questionnaire, the back translation was acceptably similar to the source questionnaire. 

1
st
 pilot test: In this pilot test, a group of 28 eleven-year-old students were asked to 

answer the questionnaire, and when doing so, indicating what questions they found 

difficult to understand or interpret. 

2
nd

 adjudication: When analyzing the pilot test, there were too many questions 

students found difficult to understand. We concluded that we needed to improve the 

cultural adaptation as well as the adaptation to the intended group. We looked up items 

in research texts and in the curriculum to check for meaningful and proposed activities 

in a Swedish context. An example can illustrate the process so far: 

Example 1: Q9 focuses òMathematics debatesò. In the 1
st
 translation, this was easily 

translated to ñDebatter med matematikò, and the back translation was close enough, 

ñdebating mathsò. However, when trying out the questionnaire in the pilot test, eleven 

students out of 28 did not understand the question. And when discussing ñMathematics 

debatesò in the 2
nd

 adjudication, not even we as adjudicators were sure about how such 

a debate is enacted in the classroom. ñMathematics debatesò are in the WiFi Research 

Guidelines (not published) classified as an indicator of valuing openness and 

exploration. Mathematics debates is not an activity that is common in Swedish 

classrooms, so out of what it is supposed to indicate, we tried to adapt the indicator, 

and describe an activity that children could recognize. In the 2
nd

 translation, the 

question was formulated ñDebattera och ifrågasätta lösningar i matematikò (Debate 

and question mathematical solutions), a cultural adaptation so respondents can 

visualize a situation while still relating to valuing openness and exploration.  
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Documentation was kept during the whole process of all the different versions of each 

question. It supported our evaluation of the improvement of quality. 

This process made us realize that translation and back translation is not a good 

instrument to ensure metric equivalence when researching students valuing when 

learning mathematics. We need to use other methods and decided to take the 

adaptation one step further. Consequently we followed up the pilot test with interviews 

of participating students in order to better understand the intended meaning of their 

answers to some of the questions.  

Understanding respondentsô intended meaning 

Respondents obviously need to understand survey questions. Therefore, we asked 

them how they interpreted the questions and what their intended meaning was when 

answering our questions.  

Example 2: According to the pilot test a large proportion of students valued Q36 

ñPracticing with lots of questionsò as important or absolutely important. However, 

Sara, 11, did not. We discuss this result in particular, since it aligns with research 

results, which show that this is an important trait of Swedish mathematics education.  

This question was not hard to understand or to translate. Still, we got contradictory 

answers in the interviews. We wanted to find out what students valued when they 

responded that ñpractising a lotò (öva genom att göra många uppgifter) is important or 

not.  Sara, 11, expressed:  

Interviewer: - Do you think you need to practise a lot to learn mathematics? 

Sara:  - Well, if you are already good at ité no! 

Her reasoning and intended meaning of this response was more elaborated and very 

different from what we predicted. She here stated that ñgoodò students donôt need to 

practice that much.  However, later in the interview, she gives us examples of 

mathematical content one always needs to practise a lot, which is practicing the 

times-tables. She also recognises that there is a different learning process in learning 

times-tables from learning problem solving, but she cannot express what she finds 

important for learning problem solving. Her rating of ñPracticing with lots of 

questionsò was ñneither important nor unimportantò.  Therefore, using ñPracticing 

with lots of questionsò as an indicator becomes hazardous, since respondents make 

connections and reflections we cannot predict.  Interviews with students allowed us to 

discover some of those unpredicted responses, thus allowing us to problematize 

conclusions from the data.  

3
rd

 adjudication: We worked further on finding expressions and concepts from 

Swedish classroom contexts. We used previous educational and historical research, as 

well as our years of experiences as teachers and teacher educators to find the best 

expressions that could fit classroom cultures and the selected age group of the 

respondents. At this stage, the team used all information we had gathered to reconsider 

our translation and adaptation. We used results from the pilot test, from interviews, 
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from a curriculum analysis and the back translation. This method allowed us to 

evaluate our translation from several perspectives.  

2
nd

 translation: We moved away from our initial intention of keeping the target 

questionnaire (the translated version) as a close translation to pass a back translation. 

Instead, we put a lot of effort in analyzing what activities that could be the best 

indicators of the requested value. The use of indicators in the WIFI-study has 

previously been discussed by Andersson & Österling (2013). We give an example to 

show how we worked through the whole process.  

Example 2: Q11 focuses ñAppreciating the beauty of mathsñ and Q60 ñMystery of 

mathsñ were not comprehensible for the Swedish students due to the pilot test. The 

version we tried out was a close translation. In the 2nd translation we chose to give 

examples to illustrate what ñbeauty and mystery of mathsò can be.   Q11: ñUppleva att 

matematik kan vara vacker (som mönster i konst, arkitektur och natur)ò (Experience 

that mathematics can be beautiful (like patterns in art, architecture and nature) and  

Q60: ò Undersöka gåtfulla matematikexempel (till exempel kan du lätt mäta en 

tredjedel av 9 cm exakt med linjal, men en tredjedel av 10 cm går inte att mäta exakt)ò, 

(Exploring enigmatic mathematical examples (e. g. you can measure a third of 9 cm 

exactly with your ruler, but you cannot measure a third of 10 cm exactly). If those 

questions were to be back translated, a comparison would say that they are quite 

different. But the intended meaning is easier for respondents to understand. Therefore, 

this way of adapting questions to what is familiar of respondents conserves the 

intended meaning, and thus improves the metric equivalence, since the new question 

works as an indicator of the values intended.  

To sum up, there were a large proportion of questions where the mathematical content 

and/or the mathematical activities in classrooms were not familiar to Swedish 

eleven-year-old students. There were also questions that could be interpreted 

differently, due to cultural differences or due to individual experiences amongst 

respondents. Therefore, we made some clarifying examples, or even chose a different 

activity, to try to improve the metric equivalence and construct validity.  

CONCLUDING DISCUSSION 

Quantitative cross cultural surveys and assessments like TIMSS or PISA are 

increasingly important aspects of policy making decisions about mathematics 

education.  Those investigations pose the same questions in all countries, since the aim 

is to compare knowledge between countries.  

Recognizing that there are historical and cultural differences between participating 

countries make it problematic to compare the assessed knowledge, since it is based on 

the assumption that mathematical content is valued equally everywhere. The WiFi- 

study is different; it surveys what students find important and does not assess studentsô 

mathematical knowledge. But the survey still suffers from the same difficulties, that 

we are not sure if mathematics or mathematical activities are valued equally across the 
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participating countries. Translating a questionnaire with questions about learning 

mathematics does not imply only linguistic aspects. The indicators need to be 

evaluated out of what mathematical content students recognize when being part of the 

subject of mathematics and what mathematical activities students from different 

countries or cultures are familiar with.  

The WiFi Research Guidelines (not published) suggested translation and back 

translation. However we could conclude that a successful back translation is not 

enough to ensure metric equivalence. Having our minds set on how to translate 

questions so that they would suite the back translation resulted in a too close 

translation, and respondents in the pilot test did not understand all the questions. 

Therefore, a back translation did not help us neither with the meaningfulness of item 

content to each culture, or with the metric equivalence. Instead, an adapted 

TRAPD-model (Survey Research Centre, 2010) gave us useful tools to improve the 

cultural adaptation. However, a cultural adaptation cannot be drawn too far without 

affecting the instrument validity across languages. We had to pay careful attention to 

maintain the metric equivalence in order to have the possibility of making 

cross-cultural comparisons of studentsô values, as intended in the WiFi-project (Seah, 

2013). From the results from a finished WiFi-study we can learn more about 

differences between cultures and values in mathematics learning. However, our 

dilemma is that at the same time, we depend on some of this knowledge when adapting 

a proper questionnaire. 

Until our larger research study shows us where edges of cultural values can be found in 

mathematics education, we recommend the other seventeen teams within the 

WiFi-project, or similar cross cultural projects, to reflect on the translations and 

cultural adaptations and maybe adopt and adapt further the team translation process. 

Within the adjudication stages, there are rich opportunities to critically reflect on 

cultural adaptations through interviews, pilot tests and previous research to improve 

metric equivalence in cross-cultural research. 
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In this article we examine intuitions as they emerge in groupwork activities. We 

provide a framework and a methodology to code various aspects of the activity, social 

and mathematical. Focusing mostly on studentsô gazes, we explore how affective 

moves give rise to, and determine, studentsô interactions and thoughts. We argue that 

intuition does not take place in the mind of the individual, it is not a matter of óI thinkô, 

but it arises from actions and reactions, in relationships with others and with artefacts. 

Data from a 50 minutes groupwork activity of four grade-9 students allows us to 

further discuss our framework. 

INTRODUCTION AND BAC KGROUND 

Dewey (1938) states that intuitions and illuminations are not "part of the theories of 

logical forms" (p.103). Illumination is the phenomenon of sudden clarification arriving 

in a flash of insight and accompanied by feelings of certainty (see Liljedahl, 2012, and 

references therein). Intuition, as well, is a form of thinking that provides the learner 

with a sense of certainty (Fischbein, 1987): it is perceived as global (rather than 

analytical), coercive and self-evident. Sometimes intuitions from everyday experience 

contrast with mathematical knowledge and can impede learning: misconceptions are 

such kind of intuitions (Fischbein, 1987).  

Andrà & Santi (2013) underline that intuitions are a way of establishing a relationship 

between the learning subject and the object of knowledge, they are a mode of existence 

of the consciousness which intertwines with perception, sensorimotor activity, 

emotions (which provide the learner with a sense of likelihood of success, see Roth & 

Radford, 2011), and mathematical generalization. They conclude that intuitions can 

start in a private, individual moment, but it is in the communitarian self (Radford, 

2012) that they develop towards mathematical generalizations. If so, which is the 

relationship between the individual moment of illumination (see also Liljedahl, 2012) 

and the emerging of shared intuitions in the communitarian self, which can develop 

into mathematical deductive forms of thinking and proving? In order to answer to this 

question, we have developed a methodological framework (Liljedahl & Andrà, in 

press) that helps us capturing and decoding the turbulent undercurrents of groupwork 

mathematical activities. After briefly presenting the framework that informs our 

research, we apply it to the analysis of an episode in a grade-9 class working on basic 

concepts in probability. We will discuss illuminations that emerge and develop in the 



Andrà, Liljedahl 

2 - 50 PME 2014 

social interactions, as well as how they inter-relate with other modes of existence of the 

consciousness. 

FRAMEWORK, THEORETIC AL AND METHODOLOGICA L 

Groupwork activities in the classroom have gained more and more attention in the last 

decades. In such activities, communication plays a primary role. Sfard (2001) points 

out that ñcommunication may be defined as a personôs attempt to make an interlocutor 

act, think or feel according to her intentionsò (p.13). Following this view, thinking is 

thus subordinated to and informed by the demand of making communication effective. 

Within this domain (called interactionist or participationist) learning is seen as 

becoming participant in a mathematical activity. Activity is sensitive to context and 

allows the growth of mutual understanding and coordination between the individual 

and the rest of the community. Accordingly, each activity has its roots in our cultural 

heritage and can be shaped and re-shaped by the group of practitioners. It is within this 

framework that thinking is conceptualized as a case of communication, since 

interactionist research postulates the inherently social origin of all human activities 

(Sfard, 2001).  

Sfard (2001) suggests that in learning processes, seen as initiations to become skillful 

participant in mathematical discourses, two key factors need to be considered: the tools 

that mediate the communication and the meta-discursive rules that regulate it. The 

focus of this paper is on the latter.  

Meta-discursive rules have an implicit nature, they are tacit, and it is within the system 

of such rules that culturally-specific norms, values and beliefs are encoded (Sfard, 

2001). According to Merlau-Ponty (2002), awareness is not a matter of óI think thatô 

but of óI canô: before the reflective, the positing thought, there is an act (óI can do thisô). 

Specifically, since learning ñoccurs in and through relations with others in the pursuit 

of collectively motivated activityò (Roth & Radford, 2011), motivation is the 

orientation of the activity. Emotions express the studentôs current state with respect to 

the motive of the activity, they express her sense of likelihood of success in realizing 

such motive (Roth & Radford, 2011). Given the social environment in which the 

students act, interact and determine the moves of the activity on the ground of their 

emotions, we methodologically exploit the idea of interactive flowchart. 

Interactive flowcharts were introduced by Sfard and Kieran (2001) as a way to capture 

ñtwo types of speakerôs meta-discursive intentions: the wish to react to a previous 

contribution of a partner or the wish to evoke a response in another interlocutorò 

(p.58). A conversation can be coded as being comprised of a series of invisible arrows 

aimed at specific people and/or specific utterances. The scheme follows two basic 

structures: (a) a vertically or diagonally upward arrow is called a reactive arrow and 

points towards a previous utterance; (b) a vertically or diagonally downward arrow is 

called a proactive arrow and it points towards the person from whom a reaction is 

expected. Add to this a distinction between arrows that are on task or mathematical in 

nature (solid) and off-task or non-mathematical in nature (dashed). Sfard and Kieran 
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(2001) developed this scheme to code conversations between two people. Ryve (2006) 

extended this scheme to account for more than two people by assuming that a proactive 

utterance is meant to address each of the other participants. Table 1 in our example is 

read as follows: M in 1 makes a proactive statement to L and D, D reacts in 2, and so 

on. In our earlier research (Liljedahl & Andrà, in press), we found it was necessary to 

consider the flow of conversation, but also who the participants are looking at. As such, 

we introduce new set of arrows, meant to represent where someone is gazing during 

each utterance. We use red arrows to represent the speaker and blue arrows to represent 

non-speakers. In Table 1, for example, M looks at the paper in 1, D looks at the paper in 

2. 

METHODOLOGY  

At the core of the research presented here is a 45 second video clip of a group of four 

students working on a mathematics problem.  

The problem was inspired by the work of Iversen and Nilsson (2005), who used a 

similar task to see how students make sense of random phenomena. The problem is:  

 

A robot walks along a corridor, it turns right with probability 

1/3 and it turns left with probability 2/3. The map shows the 

labyrinth where the robot has to move. Compute the 

probability for the robot to be in each of the rooms. 

 

Iversen and Nilsson (2005) asked the students to say which is the room with the highest 

probability. Our problem was crafted so as to use the representation provided by the 

task in order to introduce the concepts and the algorithms related to the tree diagram: 

why should one multiply subsequent branches? Why and when should one add? The 

task was presented like a game, and the students seemed willing to work on it as such. 

The task was used as part of a series of four lessons on probability in a grade-9 (14-15 

year olds) class in Bologna, Italy. The task formed a significant portion of the second 

lesson. Four students, Luca (L), Fabio (F), Davide (D), and Marco (M) were selected to 

be videotaped while they worked on the task as a group. They worked on the task in a 

separate room and were filmed by a grade-12 student from the same school. The entire 

session lasted 50 minutes. The first 5 minutes of this video were transcribed. From this, 

the first 45 seconds were selected to constitute the data for the research being presented 

here. This subset of the data was selected because it exemplified some very interesting 

and turbulent undercurrents of group interactions. We also introduce a new interlocutor 

to the interaction ï the paper (P) with the problem on it. This paper holds the gaze of 

the participants at different times of the conversation (we do not code blue arrows 

when the students are looking at P). Unlike the arrows representing utterances all of the 

gaze arrows are diagonally downward to represent the passage of time. 
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READING DATA  

Table 1 presents the transcript and interactive flowchart with the blue-red gaze arrows. 

Figure 1 shows some snapshots from the video overlaid with some gaze arrows (for 

ease of reading, each student has assigned a color: yellow for L, blue for F, green for D 

and red for M); the arrows help the reader to focus on gazes and do not follow the 

blue-red coding used in Table 1. We first present the data codified according to our 

methodological framework, then we analyze the codified data. 

   L D M P 

00:00 M: To the left two thirds, to the right one third. o o o o 

00:01 D: Yes, I donôt  remember. (speaks over M) o o o o 

00:03 M: Then it goes two thirds, two thirds.  o o o o 

00:06 M Can you give me a pen, please? o o o o 

00:07 L: No, letôs do the first case, which is the one 

where it goes always é 

o o o o 

00:10 M: é left. You have two thirds here é o o o o 

00:11 L: That is the most probable one. (speaks over M) o o o o 

00:13 M: éand here is one third. o o o o 

00:15 L: Should you erase? o o o o 

00:16 M: Yes, bravo! o o o o 

00:17 D: Iôm cute! o o o o 

00:19 M: Two thirds and here one third, hence these two 

thirdsé 

o o o o 

00:21 F: ... they g ... they go é. o o o o 

00:22 M: Two thirds of two thirds.  o o o o 

00:25 D: But é but what are you saying? Then no é  o o o o 

00:27 M: Of these two thirds you should do é o o o o 

00:28 D: We have é but what do we have to compute? 

(speaks over M) 

o o o o 

00:30 L&M:  The probability that the robot will arrive in each 

one é 

o o o o 

00:34 M: of these rooms. o o o o 

00:35 D: In the meantime, letôs see é o o o o 

00:36 L: Why donôt we first compute how many 

probabilities there are in all?  

o o o o 

00:37 M: To me this is the room with the highest 

probability.  

o o o o 

 D: Why?  o o o o 

00:42 L: There are 8 in all. o o o o 

 M: Because here there are the highest number of 

probabilities, and then é 

o o o o 

00:45 D: Of course o o o o 

 M: é the probability is higher. o o o o 

Table 1: Interactive Flowchart with Gaze Arrows 
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Figure 1: Some snapshots from the video overlaid with gaze arrows. 

Data codified with our methodology 

If we look at the verbal transcript, we see that the students are making sense of the task. 

Both L (00:11) and M (00:37) come to notice that the highest probability is related to 

the first room, an observation (coming from the students) which is in line with the 

original formulation of the task by Iversen and Nilsson (2005). 

The interactive flowchart shows that M is contributing the most proactive statements 

(n=7) as opposed to L (n=3) or D (n=0). M and D responds to the most number of 

proactive statements (each n=5) as compared to L (n=1 not counting the self-talk as a 

reaction). Finally, there is a marked difference in the number of proactive statements 

that each person makes that are reacted to ï M (n=6), D (n=3), and L (n=1, not 

counting the self-talk). 

The gaze arrows show that D never looks at L. D doesnôt look at anyone ï he only 

looks at the paper when he is speaking. Figure 1 tells us that the students spend a lot of 

time looking at the paper, indeed. M, on the other hand, spends more time looking at L 

(n=6 in Table 1) than at the paper (n=5). At 00:25 D is asking a question while gazing 
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at the paper. But M is not looking at D ï he is looking at L. Then, while M responds to 

Dôs question at 00:27 he continues to look at L. This happens again at 00:34. At the 

same time L only looks at M three times. Once at 00:15, then again at 00:25 while D is 

asking a question, and finally 00:36 while M is looking at the paper.  

ANAL YSIS 

Gaze arrows in Table 1 and Figure 1 tell us that, as much as M is attending to L, L is 

ignoring, maybe even avoiding, M. Why is M so intent on L and why is L ignoring M?  

We can see something interesting happening at 00:25. While D is asking the question, 

L and M are looking at each other. But these are not looks of equal intensity. In the 

video M is clearly more intense in his gaze upon L, who, after a while, glances away 

from M (see also Figure 1). From that moment on M continues to be very intensely 

focused on L. L seems to sense this and diverts his gaze from M, only looking back at 

him while M is looking at the paper (00:36). Clearly there is an affective aspect to the 

interaction between L and M. There are emotions, efficacy, will, and motivation in 

how L and M are interacting with each other.  

True, all the students express their will to solve the task: Dôs questions aimed at letting 

him follow Môs reasoning, his posture, his repeated and attentive gazes at the paper 

speak to Dôs will to be part, to contribute to the solution. On the side of both M and D 

there are many attempts to make their interlocutors act, think or feel (Sfard, 2001). M 

addresses mostly L, D prompts M. Power relationships are established: power to do. 

We see that an óI canô and an óI senseô intervene in this groupwork activity: Môs and 

Lôs ones, respectively. M is working with fractions, he is interested in the procedure. 

We see that an óI canô (óI can deal with this kind of computationsô, óI can do this kind of 

mathô) emerge in his speech, in his interactions with his classmates. L, instead, seems 

more interested in understanding the overall sense of the activity (ñWhy donôt we first 

compute how many probabilities are there in all?ò 00.36). We rather see an óI senseô in 

Lôs words. We have already commented that both L (00:11) and M (00:37) come to 

notice that the highest probability is related to the first room, but seemingly from 

different standpoints: L makes his conclusion based on the fact that room 1 is arrived at 

by always going left, which has a higher probability than right. We can say that L has 

an illumination, a rapid coming to mind of the features of the room with the highest 

probability, coming out of the blue, few seconds after the beginning of the activity. M, 

on the other hand, arrives at the same conclusion much later, by means of 

computations. Only after considering fractions can he say that room 1 has the highest 

probability.  

There is a tension between L and M, between conceptual óI senseô and operational óI 

canô. Moreover, we see that each of these stances prevents each student from seeing the 

otherôs point of view. óI canô might be inclusive: in our example, M is trying to pull L 

in. On the other hand illumination (óI senseô) is rather individual and private, it does not 

need to pull others into it: after the moment of illumination, in fact, there is a distinct 

phase of validationðaimed at put such an óI senseô into sharable, communicable, 
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terms (see Liljedahl, 2012). Communication takes place in order to stimulate a 

reaction: Lôs illumination at 00:11, in fact, takes the form of a rather self-thought, and 

it is not reacted. Lôs illumination is as sudden as private. 

Môs intensive gazes on L speak to Môs óI canô: he can go on with his reasoning if L is 

with him. Lôs avoiding, expressed by (absence of) gazes to M, tells us that L is 

avoiding this kind of óI canô: L ócannotô use fractions, he prefers to reason at another 

level, more theoretical. In Figure 1, at 00:37, M taps with his pencil on the paper, 

pointing at room 1. M is sharing his óI canô, his claim about the room with the highest 

probability. L is reacting to M, neither verbally nor with gazes, but with his own pencil, 

opening and closing it repeatedly (CLICK CLICK CLICK in Figure 1). Interaction is 

taking place at another level: M is expressing his óI canô while L is again expressing his 

avoidance of fractions, his óI canôt use fractionsô. At the same time, we see the will to 

participate, to solve the task, expressed by all the studentsðin different manners. 

DISCUSSION AND CONCLUSION 

Stemming from findings in interactionist research (Sfard, 2001), we have explored 

how affective moves give rise to and determine groupwork activity. Affective moves 

are meant as meta-discursive rules that shape actions, motivation, and interactions of 

students, thus directing learning (see also Roth and Radford, 2011). Participation in a 

groupwork activity is social, but it is also mathematical: we can distinguish the social 

and the mathematical in our analysis, but we cannot separate them. Many moves of the 

activity we have analyzed are both social and mathematical in nature. 

According to our framework, we can also say that even Lôs óI senseô originates from an 

óI canô. In other words, we can see that it is from Lôs óI can see a structureô that the 

illumination about room 1 at 00:11 starts, and it is from Môs óI can use fractionsô, óI am 

good with fractionsô, that all his proactive statements arise. Lôs óI canô, more 

conceptual in nature than Môs one, is expressed by an óI senseô at 00:11 (ñThat is the 

most probable oneò). The initial óI senseô at 00:11 mirrors another óI canô, more 

operational, at 00:36 (ñwhy donôt we count how many probabilities are there in all?ò). 

M also expresses an óI senseô, which is rather procedural and it is linked to the fractions 

involved: Môs óI canô is thus operational. Following Merleau-Ponty (2002), we can say 

that intuition is first an óI canô, it is originated by will and power to do. Intuition is 

socially communicated, expressed, as an óI senseô. In social interactions, sometimes 

there emerge mostly the óI canô (which is also more involving, as we have argued), 

other times the óI senseô is predominant. 

óI canô is conveyed by gazes in our methodological framework: M, in fact, expressed 

his óI canô by looking intensively to L, and Lôs avoidance of fractions is mirrored by his 

avoidance of glancing at M. Also Dôs absence of gazes to M and L speaks to a 

consonant absence of óI canô: D is not good in math, while M and L are (we know this 

from the teacher). Looking at the paper expresses Dôs need to adhere to the task. His 

prompts to M express his need to go slow. 
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The óI canô, might become shared with others when the nature of this óI canô is 

involving. For example, when it entails actions (operations with fractions, in our 

example). Illuminations of different nature need a subsequent moment to become 

sharable. Our findings also confirm the unavoidably central role of emotion and 

motivation in learning processesðespecially in interactionist researches.  
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COLLECTIVE PROBLEM P OSING AS AN EMERGENT 

PHENOMENON IN MIDDLE  SCHOOL MATHEMATICS G ROUP 

DISCOURSE 

Alayne Armstrong 

University of British Columbia 

 

This naturalistic case study investigates the problem posing patterns that emerge as 

four small groups of 12 year old students in Western Canada work collectively on a 

structured mathematics task. A method of data analysis is introduced that blurs the 

data to create transcript ñtapestriesò providing visual evidence of collective patterns 

of posed problems that emerge over time. Results in progress suggest that groups vary 

widely in terms of the problems posed, and in terms of the patterns in which these 

problems emerge in their discourse. The reposing of problems helps to structure each 

groupôs discussion, with the role that each problem plays in the conversation evolving 

as it reemerges in the discourse.   

INTRODUCTION  

Problem posing has been defined as ñthe creation of questions in a mathematical 

context andé the reformulation, for solution, of ill structured existing problemsò 

(Pirie, 2002). Working from this definition, one might argue that there are two kinds of 

problem posing, depending on the purpose of the problem being posed (Silver, 1994), 

and where it occurs in relation to the problem solving process. In the first half of the 

definition, a new problem is generated from a situation, a problem, or an experience. In 

the second half of the definition ï the ñHow can I (re)formulate this problem so that it 

can be solved?ò type ï a related problem is generated in response to the original 

problem, as a way of making that original problem more accessible. This study focuses 

on this second kind of problem posing, describing the behavior of small groups in a 

mathematics classroom who pose their own problems in the process of solving an 

assigned problem task. My research question is: What problem posing patterns emerge 

as small groups of students work collectively on a mathematics task? 

THEORETICAL FRAMEWOR K 

The current National Council of Teachers of Mathematicsô Standards document (2000) 

notes that problem posing is an important component of problem solving, recognizing 

it as an indication of a ñmathematical disposition.ò Students can be supported as they 

move from a novice level to an expert level through various forms of instructor 

intervention ranging from introductory activities to specific problem posing strategies  

(Bonotto, 2013; Singer, 2009; Singer & Mascovici, 2008) to participating in problem 

posing (and solving) programs (Brown & Walter, 2005; Crespo, 2003; Crespo & 

Sinclair, 2008; English, 1997, 1998; Leung, 1993; Pirie, 2002).  
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Many studies of problem posing rely on their subjectsô written work, a static product, 

as the focus of analysis. While this has the advantage of allowing researchers the 

ability to draw on a large pool of subjects, it also has the effect of (appropriately 

enough) triggering yet more questions about the research itself. In an excellent 

discussion of the results of one such study (Silver & Cai, 1996), the researchers 

wondered if middle school students only recorded problems they knew they could 

solve; perhaps they were able to generate more complex questions, but hesitated to 

write them down because they were not able to solve them. The researchers also 

questioned the trend of simpler questions being posed before the more complex ones 

were. Perhaps the subjects originally had the more complex question in mind first but 

decided to record the simpler questions at the beginning of their written responses. All 

of this points to problem posing being difficult, and perhaps simply inappropriate, to 

capture with an end product consisting of a written list of problems.  

Some argue that group work has the potential to provide a safe structure for building 

problem posing competence (Kilpatrick, 1987; Silver & Marshall, 1989), and offers 

the opportunity for students to work together less competitively and more productively 

(Brown & Walter, 2005). Yet, despite these and similar recommendations (English, 

1997; Lester, 1994; Silver, 1994; Silver, Mamona-Downs, Leung, & Kenney, 1996), 

there is little in the literature about how problem posing works on a collective level.  

Little documentation exists about the group itself as a learner, how its understanding 

unfolds (Martin, Towers, & Pirie, 2006), and how it thinks. Although in casual 

conversation, a teacher might refer to what a certain group thinks or, for example, 

describe the personality of the class in period three (Bowers & Nickerson, 2001), it can 

be difficult for researchers to conceptualize the group as a unit of analysis, even a small 

group. Thus, studies of small groups have often tended to focus on how working within 

the group affects the learning of the individuals within the group rather than on the 

group itself (Stahl, 2006). The concept of group learning is ña difficult, 

counter-intuitive way of thinking for many peopleò (Stahl, 2006, p. 16) due to the 

strong association of cognition with an individual psychological process.  

There is a benefit for the researcher who studies groups: the groupôs discourse may be 

considered to represent its thinking (Stahl, 2006). However, the discourse cannot ñbe 

analyzed by solely considering a sequence of statements that are madeôô(Yackel, 2002, 

p. 424). One might even argue that the individual pathways of growth of understanding 

within the collaboration do not exist at all (Martin et al., 2006). An utterance is linked 

to the past in that it is a response to another utterance, or utterances. An utterance is 

also a response to what has been, or what is currently, happening and the utterance is 

connected to the future, in that it is formed in anticipation of an impending utterance. 

The ñconversationò of a group ñis crisscrossed by other places and temporalities, by 

absent third parties, who may express their voice through the participantsô discourseò 

(Grossen, 2009, p. 266) and also by the uptake and reuptake of individual threads of 

ideas. One might envision the utterance as a part of a tapestry that comes from the past 

and stretches into the future, an idea I will connect to in my methodology. 
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METHODOLOGY  

The research took place at a middle school (ages 10 ï 13 years) in a large suburban 

school district in British Columbia. Sixteen students from each of two classes of 30 12 

year old students (i.e. just over half) participated in the study for a total of 32 students. 

The groups were composed of students who were all working at grade level but who 

had mixed levels of ability in mathematics. The study occurred in the spring of the 

school year, with session tapings taking place roughly every two weeks depending on 

the school schedule, for a total of five sessions for each class, with each session lasting 

approximately 40 minutes. As I was using a grounded theory approach (Glaser & 

Strauss, 1967), I selected groups ñfor their ability to contribute to the 

developing/emergent theoryò (Miles & Huberman, 1994, p. p. 28) ï namely those who 

were working collectively on the tasks. Participating groups were videotaped by 

stationary cameras and also audiotaped. I took field notes throughout the sessions from 

a location at the back of the classroom, and compared these notes to the video and 

audio recordings to clarify events captured in the tapings. Other data sources included 

the task sheets where group members recorded their work and solutions, and the class 

whiteboard where some groups chose to write their ideas while presenting their 

solutions to the rest of the class. I refer to the groups through the acronyms JJKK, 

REGL, NIJM and DATM. 

The task that is the focus of this case study reads as follows:  

The Bill Nye Fan Club Party 

The Bill Nye Fan Club is having a year-end party, which features wearing lab coats and 

safety glasses, watching videos and singing loudly, and making things explode. As well, 

members of the club bring presents to give to the other members of the club. Every club 

member brings the same number of gifts to the party. If the presents are opened in 5 minute 

intervals, starting at 1:00 pm, the last gift will be opened starting at 5:35 pm. How many 

club members are there? 

DATA ANALYSIS  

As this study involves elaborating upon and building theory about problem posing as a 

process, I analyzed the data using a constant comparison method (Glaser & Strauss, 

1967). The process of determining whether or not a group had posed a problem was 

necessarily a subjective one. Rather than looking at the actual uttered problem, I was 

looking more at the conversational fabric around the utterance, both before the 

utterance occurred (what did the intent of the utterance seem to be?) and afterwards 

(namely, how did the group respond to the utterance?), indications of surfacing 

differences that the group appeared to be exploring. 

The metaphor that I use to document the patterns of collective problem posing, and 

reduce the transcript to its ñvisual essence,ò is that of the ñtapestry.ò Composed of 

strands of fabric and color, a tapestry reveals different faces depending on its physical 

distance from the observer. From afar, which would be the equivalent of summarizing 

a group conversation and then considering it from both a temporal and contextual 
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distance, the tapestry shows a panoramic scene ï a whole composed of a number of 

parts. Closer, the landscape of the tapestry might still be evident, but now the 

individual strands are more visible. Move closer still, and now the individual strands 

are the focus and the overall scene is no longer clear ï much in the same way in which 

it may be easy to follow the individual turns of a conversation but difficult to 

summarize the gist of the discussion as a whole while it is taking place. At this level, an 

overall pattern is invisible, but individual contributions and ideas stand out. These 

strands of individual utterances are ones that weave together into a tapestry as the 

conversation proceeds.  

The production of the tapestry involved a data blurring process, which started with the 

transcript itself. After multiple iterations of reading and comparing transcripts from the 

four groupsô sessions, I identified the posed problem categories I color coded the 

utterances in the transcripts according to the problem posing category they best fit. The 

color-coded transcripts were then shrunk in size, using computer screenshots, to the 

point where the words of the transcript were no longer visible and the lines of color 

coding appeared as a visual pattern. The resulting tapestry provides an overall image of 

the problems posed during the course of the groupôs session. 

RESULTS AND DISCUSSION 

At first glance, the structured nature of the Bill Nye task would not appear to allow for 

many creative possibilities for mathematics students. To solve it, one must understand 

what the range of time is for opening the gifts, determine the number of time intervals 

that exist within that time frame, and then find the pair of factors of the number such 

that one factor is one greater than the other (i.e. 8 and 7). Yet, in working through this 

apparently straightforward task, these four groups take very different paths to 

eventually arrive at the same correct solution.  

Tapestries 

A striking aspect of group work that a tapestry helps to illustrate is how posed 

problems weave in and out of conversations. A color may appear briefly early in a 

session ï for instance, medium blue in NIJM (ñWhat are the factors of x?ò) ï and not 

appear again until over halfway through when it begins to occur quite frequently. A 

problem may be posed and seemingly ignored, only to be reposed later in the 

discussion, while other problems that seem to have been discussed and resolved may 

also reappear for more discussion. This suggests that the mention of a posed problem 

early on in a session may help to seed a later discussion. It also seems to highlight the 

idea of all ideas being part of the tapestry, visible or not ï no utterance truly disappears. 

The width of the color bands indicates the approximate length of time a problem is 

being discussed, and how many connections are made with other posed problems. For 

example, the chunky
1
 pattern displayed in the first third of JJKKôs tapestry (Figure 1) 

is quite distinctive from the tapestries of the other three groups. The chunkiness 
                                           
1
Thick bands of color in the tapestry 
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reflects how a problem is posed, discussed at some length until some kind of agreement 

is reached, and then disappears, presumably either having been resolved or dropped 

completely. This pattern also reflects how JJKK poses and reposes far fewer problems 

than the other groups do (Figure 2).  

 

Figure 1: Tapestries 

 

Group # of different 

problems posed 

Total # of 

problems posed 

and reposed 

JJKK 13 23 

DATM 16 61 

NIJM 17 45 

REGL 16 66 

Figure 2: Comparison of # of problems posed and reposed. 














































































































































































































































































































































































































































































































































































































































































































































































































