19

Learners with/in Contexts that Learn1
Brent Davis

University of British Columbia

brent.davis@ubc.ca

In this writing I draw on complexity thinking to interpret and elaborate the notion of ‘context.’ In particular, I explore implications of a conception of context that includes but exceeds learners—that is, context understood as an adaptive, learning phenomenon. In the process, I consider a range of contexts that are at play in mathematical knowing. The discussion is illustrated through reference to ongoing research into teachers’ mathematics knowledge.

1. Learning Contexts

The topic of context is not new to the educational research literature. It has been prominent at least since the middle of the 20th century, thanks in large part to the embrace of behaviorism. The emergence of a scientifically rigorous framework, that redefined learning as changes in an individual that are due to events in the individual’s setting, ignited an explosion of interest in the notion of context and all that it entails.


Of course, behaviorism has long-since been displaced in discussions of learning and teaching. But one of its enduring legacies is a tendency to interpret the word “context” in a particular way. Context is most often understood in terms of the learner’s surroundings (environment), rather than in terms of the webs of relationships that include but exceed the learner/agent (ecology). The latter sense of context is more faithful to the word’s Latin root, whose translation is weave together.


These two interpretations of context correspond to contrasting conceptions of learners. Context-as-environment conjures images of insulated or isolated actors, who occupy but are separate from their situations. Context-as-ecology suggests entangled, embedded, and nested agents, whose boundaries are not clearly delineated. Bateson illustrates the point:


Suppose I am a blind man, and I use a stick. I go tap, tap, tap. Where do I start?


Is my mental system bounded at the handle of the stick? Is it bounded by my skin? Does it start halfway up the stick? Does it start at the tip of the stick?


But these are nonsense questions. The stick is a pathway along which transformations of difference are being transmitted. The way to delineate the system is to draw the limiting line in such a way that you do not cut any of these pathways in ways which leave things inexplicable. (1972, p. 459)
Bateson is not just blurring the boundaries of cognitive agents here; he is also implicating the observer in the phenomenon observed. It is the observer who draws “the limiting line” that defines the learner/agent, while at the same time specifies the context. One might thus say the notion of context is multiply vexed, especially when made an explicit object of inquiry. With the observer implicated and the boundaries of learner/agent understood as contingent, it is clear that the context is also an adapting and evolving form. That is, contexts are not merely settings for learners; they are learners themselves.


This expanded the notion of learner has been at the core of complexity thinking for the past few decades. Complexity thinking can be defined as the study of systems that learn (Davis, Sumara, & Luce-Kapler, 2008). That is, complex systems (or learners) are self-determining forms that adapt their structures to maintain coherence in the face of new experiences and changing circumstances. Complex systems arise in the co-activities of learning sub-agents. The hierarchical nesting of sub-agents within agents implies that the delineation of a particular agent/learner from its context is often a matter of arbitrary convention or heuristic convenience.


In this writing I explore some of the implications that this expanded conception of learners with/in contexts holds for mathematics education. My intentions are thus: first, to consider a range of contexts that are at play in mathematical knowing; and second, to discuss the roles that these contexts play in my current research preoccupation—teachers’ knowledge of mathematics.

2. My Own Context
In my ongoing study of mathematics-for-teaching, I investigate the devices—examples, images, metaphors, and gestures—that teachers select (often unconsciously) and employ in their efforts to render the subject matter meaningful to themselves and to their students. 


Some of the data for the study is collected in meetings in which groups of teachers come together to examine their mathematical knowledge. The meetings are typically organized around familiar topics from the school curriculum. Teachers engage not only in representing existing mathematical knowledge, but also in uncovering and elaborating the understandings on which this knowledge is founded. These groups of teachers can thus be seen as knowledge-producing collectives. 


For example, in a recent series of meetings, a cross-grade group (K–12) of teachers engaged in unpacking the concept of multiplication (Davis & Simmt, 2006). A question posed to the teachers in the latter part of the series was, “Where does a person’s understanding of multiplication come from?” The teachers’ response, arrived at collectively after about an hour of group discussion, is presented in Figure 1.

	Some of the roots of a personal understanding of multiplication

•
innate capacities

·
distinction-making ability

·
pattern-noticing ability

·
rudimentary quantity sense

•
elaborations in pre-school 

·
experiences of collecting, ordering, sharing, etc.

·
refinement of object/quantity permanence

·
learning of a counting system

·
preliminary development of number sense 

·
preliminary development binary operations (esp. addition)

•
elaborations in the early grades 

·
physical action-based metaphors for binary operations

·
mastery of a symbol system for numbers and operations

·
grouping, repeated addition, & skip-counting

•
elaborations in the middle grades 

·
introduction to range of images and applications

· 
in particular, shift from discrete to continuous contexts

· 
conceptual blending of old and new metaphors, including: grouping processes; sequential folds; many-layers; ratios and rates: making grids and rectangular arrays; areas, volumes, and other dimension-changes; number-line-stretching or –compressing; number-line rotating

•
elaborations in the senior grades 

· broader range of applications

· algebraic and graphical representations

· distinguishing arithmetic, geometric, and exponential growth 

· cutting ties to concrete materials and experiences




Figure 1. Teachers’ collective response to “Where does a person’s understanding of multiplication come from?”

Many of the aspects of multiplication contained in the above response originated in earlier meetings of the teacher collective. But the organization of these aspects into a chronology, that depicts mathematical understanding as a series of nested elaborations, was new. 


To my reading, this chronology, spanning both physiological constitutions and socio-cultural positionings, signals that the teachers were enacting some form of tacit transdisciplinarity. Indeed, the presence of neurological, psychological, sociological, linguistic, and anthropological perspectives in the teachers’ response suggests entanglement of mathematical knowing in different complex systems. As discussed earlier, these complex systems are themselves learners-with/in-contexts. 

3. Contexts of Mathematical Knowing

So what are the learners-with/in-contexts implicated in school mathematics? In surveying some of them, I use the word web to denote the connections between learners and contexts, and to emphasize that any separation of the two phenomena is necessarily artificial.
3.1 – The Endoweb: bodily systems with/in bodies

A recent discovery in neurological research, one that Damasio (2005) identified the most significant discovery since 1980, is that human subsystems are dependent on but not determined by experience. In describing the learning of bodily systems, Damasio noted:

… in the nervous system, as much as the immune system, selection from among diverse elements is more important than instruction to shaping functional structure. (p. 72, italics added)

This finding challenges the commonsense assumption that the immune system, the nervous system, and other bodily systems operate mechanically. Far from being passively directed by outside stimuli, these systems are active and interactive participants in their worlds. In other words, they are learners that make selections, which in turn contribute to their ongoing self-modifications. An immediate implication is that bodily systems must have diverse elements from which to select. 


Recent research in developmental psychology suggests that humans emerge from the womb with a repertoire of many well-defined perceptual preferences and abilities. These include a rudimentary sense of quantity and an ability to distinguish among simple patterns (cf. Gopnik, Meltzoff, & Kuhl, 1999). It is clear that biological bodily systems are already making selections prior to any culturally mediated experiences of mathematical learning. 


These findings evoke a conception of knowing in which the mind may be viewed as a coherence-seeking ecosystem, subject to ongoing elaborations that are conditioned by new experiences. Learning is the continual expansion of the range of possibilities for selection and interpretation available to the mind. This conception of mind-as-an-ecosystem is radically different from the “blank slate” of John Locke, the stimulus-response structures of behaviorism, or the brain-as-computer models of cognitivists. While constructivists may not find it too foreign, I suspect that some may be limited by a tendency to treat learner” and “individual” as synonyms. Even though each child comprises multiple learning agents—that is, active, discernment-making, co-implicated systems—the lack of attention in education to instruction on the level of bodily subsystems is conspicuous. 

3.2 – The Egoweb: me’s with/in us’s

The self-versus-society dyad has been at the core of some of the most long-standing debates in education. This dyad is based on the deeply entrenched assumption in western thinking that there exists an impassable division between the categories of individual and collective. This assumption, however, seems to be untenable. As Donald explains:

The ultimate irony of human existence is that we are supreme individualists, whose individualism depends almost entirely on culture for its realization. (2001, p. 12). 

Self and society arise codependently. The relationship between individuals and collectives is not so much a me-versus-us dichotomy as a me-and-us complementarity. 


It seems curious that schooling, an enterprise that has always been organized around collections of people, places so strong an emphasis on individual learning. Whereas some educators have been concerned with the question of who—individual or collective—should be privileged, there is mounting evidence that greater rewards await educators who promote the emergence of a win-win dynamic between the two. 


My work with teachers’ research collectives is oriented by this sensibility. I am constantly concerned with the question of how a collection of individual teachers (me’s) can cohere into a knowledge-producing collective (us). To be more blunt, I am interested in the ways in which a teacher or a researcher might facilitate the emergence of a collective that is more intelligent than its most intelligent member. I am equally interested in the ways in which participation in knowledge-producing collectives promotes individual possibility. To this end, Elaine Simmt and I (Davis & Simmt, 2003) have used studies of complex systems to argue that there exist specific conditions to which teachers can, and indeed must, attend if they wish to promote vibrant complex interactions in their classrooms.


There is a wealth of current intersecting discourses on collective action. They include: situated learning, activity theory, actor-network theory, and various social constructionisms. All of them characterize the group, either metaphorically or literally, as a learner (e.g., Towers & Martin in these proceedings).

3.3 – The Eduweb: formal education with/in an institutionalized culture

About 15 years ago, I attended a session in which a member of a local Chamber of Commerce presented the results of an informal poll of member business owners. He had asked the question, “What sorts of preparation do you expect of the people you hire?”


Basic mathematical competency was ranked 18th on the list. At the top were qualities such as superior communication skills, ability to work in teams, and competence in gathering information. As a whole, the list pointed to the clear expectation that workers be able to cooperate with others in a collectively intelligent knowledge-producing system. There seems to be a problem here around the pervasive belief that a major purpose of schooling is to prepare the child for the adult world.


Commenting on this sort of disconnect between schooling structures and emergent post-schooling realities, Jenkins et al. note:

Schools are currently still training autonomous problem-solvers, whereas as students enter the workplace, they are increasingly being asked to work in teams, drawing on different sets of expertise, and collaborating to solve problems.(2007, p. 21)

Of course, there are some signs that schools in general, and mathematics education in particular, are beginning to change. Current emphases on problem solving and group work certainly give reason for hope. 


Nevertheless, it is evident that the institution of formal schooling is increasingly falling out of step with the rest of our changing institutionalized culture. In our times, the monolithic industrial-age factories of yesteryear, which served as models for early schooling, have given way to the flexible and adaptable Hewlett Packard, Toyota, and Microsoft. Predicting what children who enter first grade will need to know just 12 years hence is becoming increasingly difficult due to the rapid pace of technical, demographic, and economic change. Yet the topics taught in most schools, especially in mathematics, have remained disturbingly similar for many decades. 


One ray of hope that I found in the teachers’ response has to do with their enacted sense of the nature of mathematics. Multiplication, as described by the teachers, is contingent and adaptive, and arises from emergent experience. The evolution of mathematical knowing in children, as described by the teachers, is not as a linear progression from partial to complete understanding, but rather a continuous expansion of the space of the possible. These insightful conceptions of mathematical knowledge and mathematical learning are dramatically different from those experienced by the teachers when they themselves studied mathematics in grade school. So even though the topics have remained the same, it is clear that mathematics education has been evolving.

3.4 – The Ethnoweb: western culture in/and a multi-cultural world

The accelerating trend of the last few decades towards globalization has forced western society to come to terms with its ethnocentrism. The proliferation of communication technologies and the expansion of global travel have been accompanied by a growing willingness of western culture to get acquainted with and attend to other cultural traditions. Increasingly, westerners are encountering ways of knowing that arose in different places and in different times, as humans adapted their knowing and technologies to fit with diverse contexts.


The sum total of humanity’s systems of knowing constitutes the ethnoweb—the collected wisdom of humankind, the multiplicity of ways the world has been imagined, the diversity of understandings of the human race’s place in the biosphere. An ethnoweb is defined in large part by its technologies. In this context, the term technology encompasses not only artifacts and tools, but also the theories, practices, and methods that enable and constrain possibilities for action. 


Language and mathematics are among the most powerful technologies that humans possess, as they equip us with habits, associations, and information that draw from the entire collective memory of humanity. They also open up the possibility of abstraction and abstract reasoning. These technologies underpin the human ability to come together in grander cognitive systems, ones with capacities that vastly surpass the abilities of individuals. 


Mathematics education researchers were among the first in education to attend to the multiplicity of ways of knowing offered by the ethnoweb. Indeed, ethnomathematics has been a prominent and vibrant area of inquiry for the past 20 years.


Awareness of the role of culture in mathematical knowing is also apparent in the teachers’ collective response about multiplication. It would take very little effort to reclassify the response under the heading “Some roots of the western concept of multiplication.” It is obvious that the teachers made a strong connection between emergence of personal insight and recapitulation of cultural knowledge. Personal knowings of school mathematics, it seems, are all about cultural knowledge.

3.5 – The Ecoweb: humans in/and the more-than-human world
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Figure 2. The image from the webpage for this year’s conference.
One of the principal triggers for structuring this writing around the multiple contexts implicated in mathematics education was the main image of this year’s conference (see fig. 2). When I consider this spectacular scene as context, my thoughts are pulled away from active classrooms, problem-posing activities, and artifact-rich experiences. Instead, I begin to contemplate the learner/agent of humanity in the context of the more-than-human world.2
In turn, I find myself wondering about the mathematics itself and the role that it plays in this context. 


So where is the mathematics? There are two classic poles to the debate. The one sees mathematics out there—objective and eternal Truths mined from the universe. The other sees mathematics in here—culturally specific and fallible truths that are collectively constructed. Both sides are wanting, as both are founded on a radical separation of agent from context (in this case, humanity from nature), which requires that knowledge be located in either the agent or the context. Complexity thinking, however, suggests a conception of knowledge as the interface between the species and the natural world. Knowledge is the site of connection rather than the site of separation. 


This sense of knowledge is present in the teachers’ response. Whether it is seen as a statement of individual understanding, of school curriculum, or of western mathematics, the response exhibits a clear conversational character. It is about participation and embeddedness in the universe. It is about a conversation in its etymological sense of living with.


Mathematical knowledge is about humans living with the more-than-human world. This point is illustrated elegantly in the conference image. When I, a human being equipped with just a preliminary knowledge of fractal geometry and chaotic dynamics, look at this image, my perception is drawn to the self-similarity of structures (trees, mountains, water surface) and to the co-evolution of phenomena (e.g., the smoothed rocks in the foreground echo the interactions of water, ice, rocky mountains in the background). Humanity is always implicated in its more-than-human context, and human mathematical knowing is similarly implicated. It is hardly surprising that the mathematics of fractal geometry and chaotic dynamics are emerging at a time when humanity is becoming more eco-centric and more attuned to evolutionary processes. These mathematics in turn will affect human ways of being in the world, and the world itself. The dance is ongoing. 

3.6 – The Webweb

The conversation between humanity and the more-than-human world takes me all the way back to the endoweb. Where do our innate abilities to make distinctions, notice patterns, and discriminate among quantities come from? Clearly, these capacities are inscribed in our physical beings. They were learned on the species level over millions of years in the ever-unfolding conversation of humanity in/and the more-than-human world.


This brings up the question of the relationships among the different webs. How are the endo-, ego-, edu-, ethno-, and eco-webs related?


At first, it may seem reasonable to suggest that they are nested like Russian dolls. However, this suggestion is not very useful for making sense of how the ecoweb is embodied in the endoweb. It seems that the relationship is that of webs unfolding from each other and being enfolded in each other, rather than a simple containment pattern. 


Analyzing a living phenomenon within its webs of context expands our understanding of the phenomenon because doing so:

· highlights the vibrancy of the phenomenon, often by invoking bodily and/or ecosystemic metaphors (e.g., body of knowledge, student body, the body politic);

· frames dynamics in terms of adaptation and evolution, which are notions rooted in biology, rather than in terms of cause-and-effect, which are notions drawn from physics;

· focuses attention on fit (coherence) rather than on match (correspondence) in accounts of how agents/learners or contexts arise and persist. The implication is that the critical criterion for survival is not optimality/efficiency (survival of the fittest) but adequacy/sufficiency (if something works, it will probably endure).
In light of these benefits, I’m inclined to ask, “How can mathematics education researchers become more deliberate about the transdisciplinary and transphenomenal character of mathematics knowing?” In the second half of this writing, I will use some of the contexts invoked by the teachers in their analysis of multiplication to begin to work through answers to this question. 

4. Mathematics-for-Teaching

The topic of teachers’ knowledge of mathematics and its relationship to student understanding is one of the most prominent among mathematics education researchers at the moment. Given my interest in the complexity of knowing, it is not surprising that I too am caught up in this hub of the current eduweb.


I begin this section with a discussion of how I have grappled with the phenomenon of mathematics-for-teaching in order to arrive at my current understanding. I continue with a description of a developing assessment tool for teachers’ mathematical knowledge. I end by presenting some preliminary results of my research project. 

4.1 – Grappling with mathematics-for-teaching

One of the most surprising aspects of my first few years as a middle school mathematics teacher was the degree to which I needed to learn mathematics. I took on my first teaching position with the expectation that my undergraduate mathematics program had prepared me well for the demands of middle school mathematics teaching. But I was wrong. In hindsight, I can report that the mathematics learning that I experienced in these years was in many ways deeper and more intense than that in university. It was also qualitatively very different. 


Some of the my most vivid memories from this period revolve around what I might describe as re-membering (i.e., in the original sense of “putting back together”). These were moments in which I became conscious of details and associations of which I had not been conscious before or which I had known and forgotten. The topic of multiplication of integers, for example, occupied me for quite a few evenings, as I kept reworking explanations and examples in anticipation of students’ questions and difficulties. I remember being dissatisfied with the very few illustrations and explanations provided in the textbook. I had a strong sense that the pictures of grouped negatives and the accompanying pattern-based justifications did not really address the “why’s” of the topic.


I recall the first time that I encountered the image of rotating a number line in an arithmetic book. I experienced a feeling of triumph, almost an elation, when I realized that this simple image could be used readily to explain why “a minus times a minus is a plus” (cf. Mazur, 2003). But I was also frustrated when I recognized that this image was not used to explain multiplication of negative integers when I was a student—even though it was later encountered more explicitly in studies of, for example, the complex plane. 


Throughout my years as a schoolteacher, I encountered numerous images, analogies, and metaphors that infuse understandings of mathematical topics. Some were to be found in teacher resource materials, others arose in conversations with colleagues, a few were even presented by students. The continual experience of discovering “new” ways of knowing mathematics shaped some of the core convictions that I now bring to my formal research into teachers’ knowledge of mathematics. They include: 

· Mathematics-for-teaching should be studied in the moments when teachers struggle with their understanding of concepts. 

· The researcher should pay particular attention to the figurative frames and conceptual associations made. 

· There is much to be gained by studying the origins and history of mathematical ideas. Even the most inert mathematical concepts can come to life when the historical reasons that occasioned their emergence and the ways in which they evolved over time are traced. 

· Given that pedagogy is by definition a social phenomenon, the researcher must be cognizant of the collective nature of teachers’ knowings. 

· The researcher must be attentive to the dynamic nature of knowledge, and be acutely aware that attempts to study mathematics contribute to its transformation.

4.2 – Creating an assessment tool

Let’s return to Damasio’s assertion (§3.1) that selection from diverse elements is more important than instruction to shaping functional structure. Although Damasio was referring to bodily systems, I believe that his assertion holds true for educational systems as well. Hence my work is oriented by the assumption that flexible and intelligent learning is enabled by the presence of diverse interpretive possibilities. 


An early goal of this work has been the excavation and explicit representation of the diverse images and metaphors associated with specific school mathematics concepts (See Davis & Simmt, 2006, for a more detailed description of the interactive structures and the data collected.) For example, when the teachers’ collective was presented with the question, “What is multiplication?”, the response included: 

· adding repeatedly; 

· assembling groups from equal-sized subsets; 

· hopping along a number-line; 

· making sequences of folds; 

· layering layers; 

· ratios and rates;

· straight-line functions on the xy-plane; 

· array-generating; 

· area-producing and dimension-changing; 

· number-line stretching or compressing;

· number-line rotation.

Very similar lists have been produced when I posed the same question to other groups of pre-service and practicing teachers. I tend to attribute the consistency of response to the stability of the ethnowebs and eduwebs in which mathematics teaching occurs.


The current goal of the research is to develop an assessment tool that might enable a researcher to determine and augment the range of interpretive possibilities that a teacher has available. I use the images, metaphors, and explanations obtained from the teachers’ collectives to create assessment protocols. These protocols are used subsequently to guide individual teachers’ explorations of their own mathematical understandings. For instance, the current protocol of multiplication starts with a focus on multiplication of single digit whole numbers, and then proceeds to multiplication of multi-digit whole numbers, unit fractions, non-unit fractions, decimals, signed integers, linear functions (slope), monomials, binomials, vectors, and matrices. At each stage, the interviewees are asked how they understand the topic, and how they might frame the topic for their students.


I specifically look for moments in which the interviewees admit that they are not comfortable with their own understandings. At these moments, it is typical for interviewees to appeal to rules. The following narrated transcript from an interview with Christine, a Grade 6 teacher with more than 20 years of experience, illustrates this point:

“2 × 6 = 12,” I write on the paper between us.

“Yep,” Christine nods.

“So how would you explain why that’s true,” I ask, adding, “without reducing it to a rule or procedure?”

“Lots of ways. Two groups of six is twelve, or six groups of two. If you count up by twos, after six moves you get to twelve—which is something you can have the kids do on a number line or by playing a hopscotch-like game. … There’s that idea you showed us about multiplying as many-folding: Fold a page in two parts, then fold that in six parts. That’ll make twelve parts.”

“What about +2 × –6 = –12?”

“Same thing, really, two groups of negative six is negative twelve. Or moving backward six steps twice sends you back twelve. … I guess the paper thing [i.e., sequences of folds] wouldn’t work there.”

“Okay, then how would you help someone understand –2 × –6 = +12?”

“Hmm. Well that one’s getting really abstract, isn’t it? You can’t take negative numbers of groups. I guess you could talk about losing things, but that would just confuse people. It’s horrible to say, but I think it’s easiest if you just follow the rule for these ones. They’re not very meaningful anyway.”

When considering multiplication of two negative integers, Christine has reached what I call an Hmm?! moment. Hmms are those instances when a teacher realizes that something is amiss. They typically occur when an interpretation that has always seemed to work suddenly comes up short. As Christine noted, interpretations of multiplication that are based on grouping, on directed motion, or on folding cannot readily accommodate two negative multiplicands.3 


Unlike Aha! moments that flag sudden clarity, coherence, and ready associations, Hmm?! Moments flag unexpected turbidity, inconsistency, and jarring breaks. I believe that Hmm?! moments are the ones in which teachers are most willing to expand their range of interpretive possibilities with the aid of the assessment tool. 

4.3 – Preliminary Results

I consider my research into teacher’s knowledge of mathematics to be still at its preliminary stages. Much more work must be done to unearth figurative frames, to refine questions, and to formalize protocols for interpretation. Even so, some consistent results are emerging. Among them:

· It seems that a majority of practicing teachers, at all levels, tend to regard formal mathematical procedures and rules as well considered and necessary.

So far, only 3 of the approximately 50 teachers interviewed did not resort to the “follow the rule” escape device when working through the multiplication of negative numbers protocol. When questioned about whichever rule was invoked, interviewees were rarely able to unpack it. Even many of those who were able to find meaning in the mathematics often argued that standard procedures must be taught in the same way they have been handed down for generations. When questioned about this belief, a number of teachers adopted a “survival of the fittest” logical stance, reasoning that tried-and-true procedures are necessarily the best. I would classify this manner of response as an ethnoweb phenomenon; it seems to be part of a grander cultural network of beliefs about the nature of mathematics.

· The middle years of schooling are distinct in that they give rise to an explosion in the number of new metaphors, images, and applications. For the most part, these new figurative frameworks are neither obvious nor made explicit to students.

None of the teachers interviewed so far had any difficulty with illustrating and interpreting mathematical concepts and processes of the elementary school level. Every teacher seemed to have at least one, and often only one, non-algorithmic interpretation of addition, subtraction, multiplication, and division of whole numbers. The difficulties arose when the interviews progressed to number systems beyond the whole numbers. Both elementary and secondary school teachers were often stumped in their efforts to identify appropriate interpretations of concepts and processes involving common fractions, decimals, signed integers, and algebraic expressions. These topics and concepts are typically introduced in the middle years. So I am led to hypothesize that the frequently noted loss of interest in mathematics that students experience in these years is partly due to the absence of meaningful figurative grounding of the mathematics. I regard this phenomenon to be an eduweb phenomenon. It is within the power of the institution of mathematics education to change it.

· Teachers tend to regard metaphors, applications, and images as “window dressing” for concepts and not as the principal means by which understandings are established.

Many teachers were strangely timid when discussing how they made sense of ideas for themselves and for their students. Some felt the need to frame their responses with apologetics, such as “I know this isn’t really mathematical …” or “This might be wrong, but it helps the kids get it …”. The tendency to apologize was present even when the teachers were discussing interpretations that are firmly rooted in formal mathematics, such as the ones included in the multiplication list above.


There are multiple webs at work here. “Teach a rule” resides in the eduweb, although the ethnoweb likely helps to hold it in place. Conversely, I suspect that paying greater attention to the ecoweb and the endoweb, which highlight the connections to the more-than-human world and to embodied knowing, might help address the issue. 

· Understandings improve within group settings.

So far, teachers’ responses were always more varied and nuanced in collective settings. These setting included both focus group interviews and more open-ended research sessions. The impact of collectivity was not merely a cumulative one. The diversity and depth manifest in the collective responses suggested that they were more than just the sums of individual responses. While prompts such as “What is multiplication?” occasioned no more than two or three descriptors from individual respondents, they occasioned remarkably rich and stable responses from collectives. Clearly, this is an egoweb phenomenon, in which the collective us provides a more complex response than does a collection of me’s.

· Understandings improve with teaching experience.

With few exceptions, in individual settings experienced teachers offered a broader range of interpretations of mathematical topics than did novice teachers. As illustrated in the narrated transcript with Christine, experienced teachers often presented their understandings in an automatic “rapid fire” manner, with little conscious reflection. In contrast, novice teachers, especially at the elementary level, were often more hesitant in their responses and more reluctant to consider multiple interpretations. I am most inclined to associate this observation with the eduweb. As teachers become more deeply entwined in it, they benefit from various opportunities to elaborate their understandings, and to expand the range of their explanations. 

5. Closing remarks: Towards participatory mathematics education

I believe that a major contribution of complexity thinking to discussions of teaching and learning is its capacity to render explicit that which has fallen into transparency. It is a sensibility that guided my interpretation of phenomena and experiences described in this writing. For example, being explicit about the boundaries, which observers impose in order to separate knowers from contexts, reveals the shortcomings of many structures of modern schooling. Being explicit about figurative devices in mathematics leads to awareness of the centuries of personal struggle and collective contestation through which new images were proposed, debated, embraced, and thoroughly embodied in cultural knowledge.


Although the narrated transcript of Christine’s interview recounts one interview with one teacher, the story it tells extends far beyond the ideas of one person. Christine’s interpretations come from somewhere. If one were to study the emergence of multiplication in mathematics, one would find that the webs of association in collective knowledge are as tangled, as muddled, and as fragile as those in individual knowledge (cf., Lakoff & Núñez, 2000; Mazur, 2003). And so the entanglements of ethnoweb, eduweb, egoweb, and endoweb come to the fore.


Self-similar dynamics are at play across all these webs, and limiting one context can disrupt all contexts. Christine’s Hmm does not flag an error; it does not point to an interpretation that needs to be corrected or replaced. Rather, it announces the need to locate a new image, a novel metaphor, a broader analogy, and to blend it with what is already there. These images, metaphors, and analogies are to be found in multiple contexts. Unfortunately, Christine confines herself to the instrumental approach of appealing to a rule. Prompted by the work or critical and cultural theorists, I am particularly troubled by this move. To my thinking, it not only derails the opportunity for the class to operate as a knowledge-producing collective, but also denies the contexts of the eduweb, ethnoweb, and ecoweb. 


As we have seen, if mathematics is understood to reside in the interfaces of humanity with/in the more-than-human world, western societies with/in a multicultural world, formal education with/in an institutionalized culture, and other emergent webs, then the lines between learners and contexts become blurred and vanish. If mathematical knowledge is understood to operate in the border regions that humans create to separate learners from contexts, then it is a mathematics that’s embedded, contingent, evolving, and continually enacted. 


This view of mathematics has immediate implications for education, and in particular for our understanding of the roles that children and their teachers play in shaping mathematics. Researchers (see Deacon, 1997) have asserted that the most potent shapers of language are not adults but children, who plane off linguistic inconsistencies and readily embrace new vocabularies. I suspect that a similar phenomenon is at work in mathematics classrooms. Children and their teachers play a definitive role in shaping mathematics in their co-selection of images, metaphors, applications, gestures, examples, and exercises. They are participants in the production of mathematics, not merely consumers of or inductees into established knowledge.


When seen in this light, teaching cannot be only about replication and perpetuation of existing possibilities. Rather, teaching is participation in a recursively elaborative process of opening up new spaces of possibility. Complexivist teaching is not about prompting a convergence onto pre-existent truths, but about divergence into new interpretive truths. The emphasis is not only on what is, but also on what might be brought forth. 


Mathematics-for-teaching should therefore be regarded as one of the most important domains of mathematical study. Its legitimation as a mathematical domain of inquiry may be the first step towards the timely evolution of mathematics education into a more participatory discipline. As Jenkins et al. explained,

[a] participatory culture is a culture with relatively low barriers to artistic expression and civic engagement, strong support for creating and sharing one’s creations, and some type of informal mentorship whereby what is known by the most experienced is passed along to novices. A participatory culture is also one in which members believe their contributions matter, and feel some degree of social connection with one another (at the least they care what other people think about what they have created). (2007, p. 3)

Participatory education extends far beyond the confines of classrooms. It implicates students, teachers, curriculum developers, mathematicians, and mathematics education researchers in a grand shared social and cultural reality. It is a reality in which the endo-, ego-, edu-, and ethnowebs are all activated.



In closing, complexity thinking points to a mathematics education that is committed to the connection of individuals, communities, societies, cultures, and species – all of which are learners with/in contexts that learn. We are all participants.
Endnotes

1.
I am indebted to Moshe Renert for his critical commentary on earlier drafts of this writing.

2.
The phrase “more-than-human world” is borrowed from Abram (1996).

3.
I do not mean to present Hmms as a new idea. They are not unlike the “cognitive obstacles” proposed by Brousseau (1983) or the “discrepant events” described by Strike and Posner (1985). They are moments in which what is immediately conscious cannot be fitted with established and embodied associations. They are sequences of experiences that lead to surprising results, but the reason for that surprise might not be immediately available for interrogation. Christine, for example, knows there is a conflict between her rationalization and the rational process. She knows that she’s correct in her explanation at the same time that she knows that her explanation is lacking.
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