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This discussion group will be pursuing the clarification of the relationship between the conceptual and procedural aspects of mathematical knowledge. The organizers propose an important shift of focus in the debate, from the question of developmental primacy of one aspect over the other to the question of an integrated development of both.

         The organizers of the discussion group represent two distinct approaches to mathematics education, that of "pure" research and that of teaching-research. Dr. Mindy Kalchman and Dr. Bethany Rittle-Johnson are new young researchers in Mathematics Education and Educational Developmental Cognitive Psychology. Kalchman's interest in procedural/conceptual  knowledge developed out of work on micro-genetically analyzing sixth grade students’ progression from a procedural to an object (or reified) understanding of basic functions. The procedure and concept involved in this process seemed inextricably linked in ways worth investigating. Rittle-Johnson’s interests in procedural/conceptual  knowledge developed as a result of theoretical efforts to understand mechanisms of cognitive development..
         On the other hand, Dr. Baker and Dr. Czarnocha are teacher-researchers from a community college in NYCity, whose interest in the subject is motivated by their students' problematic performance in Remedial and Developmental Mathematics courses in the bilingual, Spanish/English context.  Equally important in this motivation is the public evidence of serious classroom misunderstandings concerning the instruction along the procedural/conceptual divide in public schools. [Appendix]

         The majority of past research and theory on these relations has focused on whether conceptual or procedural knowledge emerges first (e.g., Rittle-Johnson & Siegler, 1998, Hapaasalo,  & Kadijevich 2000).  The developmental precedence of one type of knowledge over another has been hotly debated and fueled by contradictory results.(e.g. Gelman & Williams, 1998; Siegler, 1991; Siegler & Crowley, 1994; Sophian, 1997). This debate over which type of knowledge develops first tends to obscure the gradual development of each type of knowledge and the interactions between them during development. Rather, we propose an alternative view in which we posit that throughout development, conceptual and procedural knowledge influence one another in mutually supportive and integrated ways. This view allows for the simultaneous and intertwined instruction of both conceptual understanding and computational fluency called for recently by (Kilpatrick et al , 2001).

          The purpose of this discussion group is to bring together researchers, teacher-researchers and mathematicians to move beyond the debates on "which come first" and "which is more important" to focus on the bi-directional relations and inner structure within the integrated conceptual/procedural mode of knowledge. We see the discussion as the beginning of a longer interdisciplinary process involving cognitive and developmental psychologists, education professionals, mathematicians and teacher-researchers to formulate a comprehensive research/instruction program to deal effectively with the procedural/conceptual divide across the full spectrum of K-16 curriculum. In terms of a longer terms strategy,  we are aiming for the publication of a volume articles which will expand and develop issues signaled in the important Hiebert book (Hiebert, 1986) while focusing on the integrated approach to p/c issues. The development of themes and research questions to be discussed in the volume will be the primary way in which the attendees of the discussion will be pulled into active participation. The creation of the collaborative research teams addressing the research issues formulated during the discussion, is one of the ways through which the discussion group intends to transform itself into a Working Group or Research Forum at the next joint PME/PME-NA meeting in Hawaii. If this dream actualizes, we envision the collaborative teams working together throughout the intervening year, possibly aided by a small grant.

The program of work at the meeting:

Introduction
1. Sketch of the historical development of the procedural/conceptual issue drawn from the integrated point of view. 

2. Elementary Algebra - language; procedural and conceptual aspects are correlated yet independent variables in promoting academic growth. Here, “independent” signifies that neither can be derived from the other one; they are irreducible. (Baker & Czarnocha, 2002)

Two models of procedural/conceptual Integration

3. Iterative model- Rittle-Johnson proposes that conceptual and procedural knowledge develop iteratively, with increases in one type of knowledge leading to increases in the other type of knowledge, which trigger new increases in the first (Rittle-Johnson, Siegler & Alibali, 2001). 

4. Coordinated model - Kalchman suggests that conceptual and procedural knowledge are co-active elements in the development of students' more general numeric and spatial understandings of any domain in mathematics.

Summaries of Presentations
Degrees of independent activation of procedural and conceptual modes of acquiring knowledge- the case of algebra.

This study of the relationship between written mathematics and procedural problem solving knowledge grew out of the need to address pedagogical needs of bilingual, Spanish/English students of an urban community college. The focus on the mutual positive influence of the conceptual and procedural modes of thinking, translated in this context into two research questions: (1) to what degree one can positively influence learning of language through the learning of mathematics (Czarnocha and Prabhu, 2000), and the related question, (2) to what degree one can positively influence the mastery of mathematical procedures with the proper use of written mathematical language.  The answer to these two questions depends, naturally, on the degree to which these procedural and conceptual modes of mathematical thinking can be independently activated during an instruction cycle. This is the main focus of this study.

Of separate interest is to observe that the answer to this basic question is also a definite statement in the context of Piaget/Vygotsky debate (Baker, Czarnocha, 2002).

In order to employ writing as a tool to both measure and promote conceptual development we coordinate the three-step model due to Sfard (1991,1992,1994), which is based upon the work of Piaget with the theoretical framework of (Shepard, 1993) who matches levels of conceptual development with the appropriate writing categories due to Britton (Britton et. al.,1975).  In the model of Sfard, concepts are assimilated into the schema in the last stage of a three-step abstraction process.  

"A constant three step pattern can be identified in the successive transitions from operational to structural conceptions: first there must be a process performed on the already familiar objects, then the idea of turning this process into a more compact, self contained whole should emerge, and finally an ability to view this new entity as a permanent object in its own right must be acquired. These three steps will be called interiorization, condensation and reification." (Sfard, 1992, pp.64-65) 


Interiorization According to Sfard, a procedure is interiorized when it, "can be carried out through mental representations, and in order to be considered, analyzed and compared it needs no longer to be actually performed." We match the interiorization step, with the late initial learning phase and generalized narrative writing category in Shepard's work. In this phase Shepard recommends writings that produce, "personal examples of concepts" or that explain, "definitions of procedures in one's own words." In this phase we continually asked our students to translate algebraic expressions and expressions back and forth between language and symbolic language. 

Condensation According to Sfard, "at this stage a person becomes more and more capable of thinking about a given process as a whole without feeling an urge to go into details."  In describing condensation, Sfard makes an analogy to computer algorithms when she writes that condensation allows the individual to look at a procedure as autonomous, "from now on the learner would refer to the process in terms of input-output relationships rather than by indicating any operations." On the effect that condensation has on an individual's ability for abstraction she writes, "Thanks to condensation, combining the process with other processes, making comparisons, and generalizations become much easier."

We match the condensation step of Sfard with the intermediate learning phase and the low-level-analogic and analogic writing categories in Shepard. In this phase Shepard suggests, "explaining how to solve a problem" and further, "explaining how concepts are related," or explaining why, "concepts and procedures either do or do not apply."  Thus, at this phase students' were required to turn their meta-cognitive reflection away from the definitions or rules of the procedures and towards the conditions that govern their use, as well as the difference and similarities between procedures or conceptual objects. 

Reification  In the  words of Sfard (Sfard, 1992), "the condensation phase lasts as long as a new entity is tightly connected to a certain process." Of reification she notes, "the new entity is soon detached from the process which produced it and begins to draw its meaning from the fact of its being a member of a certain category."  In Sfard's model of conceptual development, like all models based upon Piaget's work conceptual development takes place in the framework of a cognitive schema. Thus, the last step of reification is identified with structuring and organization of one's cognitive schema, a step necessary for conceptual development. As explained by Sfard, for an individual who has not organized their schema, "information can only be stored in an unstructured sequential cognitive schemata." In contrast for an individual with a structural understanding, their cognitive schemata has a "compact whole" thus through a process of ordering or restructuring, it becomes a "hierarchical schema." Furthermore without such an ordering, "there is hardly the place for what is usually called meaningful" (Sfard,1992).

We match the reification step of Sfard with the early terminal phase and the analogic-tautologic writing category used in Shepard, who recommends writing categories that involve, "speculating about several different ways to solve a novel problem."   More specifically in our work  we required students to focus their meta-cognitive reflection not on the procedures and not on the rules that govern their use but instead on the strategies involved when applying procedural knowledge in problem solving.  Our objective was to encourage students' organization and structuring of their cognitive schema. 

Results For slightly over 180 students (n=183) the correlation between course average and GPA was R = 0.398, which was significant at the 0.01 level (high degree of significance). The corresponding R -square value was 0.158 and thus approximately 15.8% of the GPA was determined by course average. The correlation between writing scores and GPA was 0.402, which was also significant at the 0.01 level.  When we used both course average and writing scores as independent variables together to explain GPA, the R-value was 0.455 and the corresponding R-square value was 0.207. Thus, approximately 20.7% of the GPA was explained using course average and writing scores. This represents an increase of 37% over the 15.8% explained using only course average.  It is not to be expected that course average and writing scores in one class would explain most of a student's GPA throughout their college career.  However, the 37% increase explained GPA when writing scores were added to course average is an indication of  the important role written mathematical thought has in learning and cognitive development. The F-value of this multivariate model was 23.952, which had a 0.000 significance rating, thus the use of writing scores and course average resulted in a very significant model in which neither course average nor writing scores dominated the other. In particular, writing scores were not dependent upon the ability to apply one's procedural knowledge. 

Analysis We have argued that written mathematical thought by its reflective nature is predominately composed of conceptual thought and meta-cognitive reflection upon procedural knowledge, both of which characterize the more advanced stages of development in Sfard's model. In contrast, we have argued that computational proficiency is predominately composed of the ability to apply procedural knowledge, which epitomizes the initial stage of development. Our result that, written meta-cognitive reflection and conceptual thought are independent of an individual's ability to apply his or her procedural knowledge provides evidence against Piaget's position interpreted as the "genetic view," i.e., the more advanced stages of cognitive development are dependent upon completion of the first "interiorization" stage. 

This result indicates that reflection upon procedural knowledge is not always a by-product of the repeated actions that characterize the "interiorization" stage. Instead, meta-cognitive reflection can proceed during the act of writing about mathematics as well as through the process of repeated actions Moreover, this result provides evidence in support of Vygotsky’s position that development can proceed through reflection, while writing, upon existing conceptual knowledge independently of the “interiorization” process, i.e., reflection due to repeated actions.  

Iterative model 

Rittle-Johnson proposes that conceptual and procedural knowledge develop iteratively, with increases in one type of knowledge leading to increases in the other type of knowledge, which trigger new increases in the first (Rittle-Johnson, Siegler & Alibali, 2001). For example, limited understanding of some domain concepts could guide students’ attention to important problem features and facilitates generation and use of a correct procedure.  In turn, developing this procedural knowledge could lead to improvements in conceptual understanding, perhaps by freeing cognitive resources for noticing patterns and relations, highlighting the importance of certain problem features, or revealing certain misconceptions.  Improvement in problem representation is one particularly promising mechanism underlying these iterative relations.  

Evidence from 4 studies on children’s learning about the equal sign and about decimal fractions support this iterative model for the development of conceptual and procedural knowledge.  These studies raise important new questions for curriculum design about the timing and sequencing of instruction on concepts and procedures.

Study 1

The goal of  Study 1 was to provide causal evidence for the bi-directional relations between conceptual and procedural knowledge.  Students received instruction on a concept or a procedure, and we assessed the impact of instruction on knowledge of the other type (Rittle-Johnson & Alibali, 1999).  The domain was mathematical equivalence, or the idea that quantities on both sides of an equation are equal.  The target problems were equivalence problems such as 3 + 4 + 5 = 3 + ___.  

Participants were 59 fourth and fifth graders who solved equivalence problems incorrectly.    Students completed assessments of conceptual knowledge (e.g. What does the equal sign mean?) and procedural knowledge (e.g. 7 + 4 + 8 = 7 + ___ and 3 + 6 + 2 = __ + 2) before and after a brief intervention.  For the intervention, students were randomly assigned to receive conceptual instruction, procedural instruction or no instruction on equivalence problems in an individual session.  

Students in both the conceptual and procedural instruction groups showed greater gains in conceptual understanding and use of a correct procedure than the control group.  The conceptual instruction group was better able to adapt a correct procedure to solve transfer problems.  Overall, these findings indicate that improvements in conceptual knowledge can lead to improvements in procedural knowledge and that improvements in procedural knowledge can lead to improvements in conceptual knowledge.

Study 2

The goal of Study 2 was to use individual differences in prior knowledge and learning to assess the iterative relations between conceptual and procedural knowledge and whether problem representation is a link from conceptual knowledge to improved procedural knowledge (Rittle-Johnson, Siegler & Alibali, 2001).  The domain was decimals, with a focus on decimal magnitudes.  The target problems were placing decimals on number lines.

Participants were 74 fifth graders.  The intervention was a computer game the author designed called “Catch the Monster.”  To catch the monster, students needed to choose the correct location for a given decimal on the number line or to choose the decimal that corresponded with a given location on the number line.   Before and after participating in the individual intervention session, students completed assessments of conceptual knowledge (e.g. What numbers are worth the same amount as 0.6?) and procedural knowledge (e.g. Place 0.54 on the number line).  

Students began the study with some prior conceptual knowledge of decimals.  Students’ prior conceptual knowledge predicted improvements in their procedural knowledge.   In turn, these improvements in procedural knowledge predicted improvements in students’ conceptual knowledge.  To understand the link from conceptual knowledge to improved procedural knowledge, we coded students’ explanations of the answers to the intervention problems for whether students represented each problem  correctly (e.g. noted the value of the digit in the tenths).  As expected, prior conceptual knowledge predicted frequency of correct problem representation during the intervention, and correct problem representation predicted improvements in procedural knowledge.  Overall, these results support the iterative model and suggest that improved problem representation may be one mechanism in the model.

Study 3

The goal of Study 3 was to manipulate problem representation and examine the causal influence on improved procedural knowledge (Rittle-Johnson, Siegler & Alibali, 2001).  The intervention, assessments and design were the same as in Study 2 with minor modifications.  Two manipulations of problem representation were used during the intervention: 1) Prompts to notice the first digit after the decimal point, along with highlighting this digit in red, and 2) marking the tenths on the number line.  Participants were 117 fifth and sixth graders.   Students were randomly assigned to one of four conditions based on the 2 by 2 crossing of the manipulations.  

Both manipulations helped students to represent more problems correctly during the intervention.  Both manipulations also led students to make greater gains in procedural knowledge, although it was only the combination of the two manipulations that led to sustained gains in procedural knowledge.  These results indicate that improved problem representation leads to improved procedural knowledge and suggests that problem representation is an important mechanism within the iterative model.

Study 4
The goal of Study 4 was to evaluate the instruction implications of the iterative model.  We compared learning from iterative instruction, where conceptual and procedural lessons were interleaved, to concepts-first instruction, where all the conceptual lessons were presented before the procedural lessons (Rittle-Johnson & Koedinger, 2002).    The domain was decimal fractions, focusing on concepts of place value and re-grouping and procedures for adding and subtracting decimals.

The intervention was part of a sixth-grade curriculum we are designing that incorporates a computer-based intelligent tutoring system.  This study focuses on a manipulation within the tutoring system where we varied the order of 3 conceptual lessons and 3 procedural lessons.  In the conceptual lessons, students were asked to enter a decimal number in a place value chart and then to show the value of the number in novel ways using regrouping. In the procedural lesson, students were given word problems that required adding or subtracting two decimal numbers. The order of these lessons varied by condition. In the concepts-first condition, all three conceptual lessons were presented, followed by the three procedural lessons.  In the iterative condition, the first conceptual lesson was presented, followed by the first procedural lesson, followed by the second conceptual lesson, and so forth.  Participants were 72 sixth graders.

Students in the iterative condition made greater gains in procedural knowledge, and comparable gains in conceptual knowledge, compared to the concepts-first condition.  In particular, students in the iterative condition were less likely to make digit alignment errors when adding and subtracting decimals (e.g. 8.41 + 25 = 8.67).  Introducing the procedural task early, and interleaving it with conceptual instruction, seemed to help link and strengthen knowledge shared by the conceptual task and the procedural task. 

Open Questions

This research supporting an iterative model for the development of conceptual and procedural knowledge raises many new questions about the timing and sequencing of instruction on concepts and procedures:  What is the optimal time-scale for interleaving instruction on concepts and procedures – minutes, hours, days, weeks, months?  What is the smallest change in one that produces noticeable change in the other?  Why does improvement in one type of knowledge sometimes not lead to improvements in the other and how can instruction help to avoid this?  When can conceptual and procedural knowledge not be separated? Audience discussion of these issues will be invited.

The Coordinated model

In this presentation, Kalchman will focus on the design and implementation of mathematics curriculum that attends to the simultaneous development of procedural and conceptual knowledge in a domain of learning. Her presentation will have four parts. First, she will present a grounding theoretical framework that guides the development of curriculum for her research. Second, she will present a curriculum for the teaching and learning and mathematical functions that facilitates the development of procedural and conceptual knowledge for students from middle school through to secondary school. Third, she will present empirical evidence of students using both conceptual and procedural knowledge as a result of engaging in the experimental curriculum. These studies involved students from Grades 6 through 11. And fourth, she will open up discussion about designing curriculum, which simultaneously develops conceptual and procedural knowledge in a domain of mathematical learning. 


Theoretical Framework

At the 2001 PME-NA meeting in Snowbird, Kalchman and Fuson presented a paper in which they attempted to apply issues of conceptual and procedural development to Case's theory of central conceptual structures as it relates to children's learning of mathematical functions (Kalchman, 2001). Very generally, in Case's theory (Case, 1996), children develop understanding in any domain of learning by progressing through a four-stage sequence of elaborations and integrations of two primary mental schemas. One of these schemas is primarily numeric for mathematics and the other is primarily spatial. When these schemas are sufficiently elaborated and then integrated, a new psychological unit, which he called a central conceptual structure (CCS) is formed. 


In Kalchman and Fuson (2001), they suggested that within each of the primary numeric and spatial schemas, conceptual and procedural knowledge were being co-developed at each stage of elaboration and integration. That is, there is initial and distinct conceptual and procedural numeric understandings as well as initial and distinct conceptual and procedural spatial understandings. When the initially separate numeric and spatial schemas integrate, so does the conceptual and procedural knowledge previously connected only to one particular schema. Thus, the resulting CCS is an intricate weaving of conceptual and procedural knowledge within a larger framework of a child's newly integrated understanding of, in this case, functions.


Although the relationship of a CCS to the ongoing and simultaneous development of conceptual and procedural knowledge in a domain of mathematics was begun for the 2001 meeting, there are still many issues that need to be further explored. For example, was is the difference between the "small-c" conceptual understandings that are considered within each of the primary schemas and the "big-c" Conceptual understanding of a domain that is achieved upon the formation of a central conceptual structure?


The Curriculum

The functions curriculum referred to earlier was designed in the traditions of Case's theory of cognitive development. Essentially, that means that curriculum was designed for the express purpose of first elaborating students primary numeric and spatial understandings of functions and then integrating them. Empirical studies of students' learning with this curriculum have consistently and repeatedly shown through task analyses that such elaborations and integrations occur following instruction. The question, which was asked of me, and which I continue to pursue, is: Which parts of the curriculum develop and elaborate the primary numeric versus the spatial schemas in general? And furthermore, which parts of the curriculum develop conceptual numeric versus procedural numeric knowledge and which parts develop conceptual spatial versus procedural spatial knowledge? 


Empirical Results

Empirical results come from pre and posttest responses to a functions test developed by Kalchman and Case (see Kalchman, 2001). Classes of students in Grades 6 through 12 participated in the treatment-comparison studies. The purpose in sharing these results is not so much to "present" results as to work with the participants of the discussion groups to understand the proportion of conceptual and procedural indicators in students' responses to individual items. Responses in general will be examined as well as the differences between responses from students who learned functions with the experimental curriculum and those who learned with a modern textbook approach. 


Discussion

Questions driving this open discussion include: ways of improving current curriculum (including the functions curriculum) to improve students procedural fluency and conceptual organization in a range of domains; participants ideas and opinions on this model of ongoing co-development of procedural and conceptual knowledge both within each of the primary numeric and spatial schemas associated with Case's theory of intellectual development and within the integrated central conceptual structure; differences between "small-c" and "big-c" conceptual understanding in a mathematical domain.

Initial Observations

The inter-domain comparative analysis implicit in the organization of this discussion group suggest some interesting observations. First, the results  of Rittle-Johnson and Kalchman seem to represent two conceptually independent solutions to the same problem of finding the dynamics for the integrated procedural/conceptual development, each coming from a different research paradigm: the strategy - choice approach and the schema development (Geary, 1994; Baroody, 2001). The presence of theses two solutions, while providing the answers  to the original question: What is the integrative relationship between the two modes of mathematical thinking, creates, of course, a new question: What is the relationship between these answers, between the strategy - choice approach and schema development approach and how does it manifest itself in instruction and learning?

Second, there is an interesting division in the meaning of the "conceptual" along the K-12 curriculum. While it seems that arithmetic as well as pre-calculus and calculus research utilize numerical/visual relationship to express the procedural/conceptual character of the domain, algebra procedural/conceptual research has utilized numerical/verbal relationship (algebra has been seen here as generalization of arithmetic). Does this difference reflect the inherent difference between mathematical domains or the difference in the developmental progression of students, or both? Would the composition of numerical, visual and verbal modes of thinking be useful from the instructional point of view?  How would it affect the procedural/conceptual integration?

The expression of the procedural/conceptual duality through procedural/language interaction brings one closer to Vygotsky's duality between thought and language (L. Vygotsky, 1986), where the fundamental unit of analysis, which motivated the thrust of his thinking,  was the "verbal thought". What could be the corresponding unit of analysis for the numerical/spatial manifestation of the procedural/conceptual divide and its integration? 
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Appendix
New York Post, Tuesday, April 17, 2001

This inset appeared in the NYPost article as an example of the reform motivated instruction and was provided by a disgruntled parent from a public school in Brooklyn.
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>From the cognitive point of view (as distinct from the political one), it takes some time to realize what could possibly be the reason for that feeling on the part of a parent, especially since computationally everything seems OK. 

A closer look, however, and taken especially from the point of view of the procedural-conceptual dichotomy, gives a lot of food for thought. It becomes clear why all three "New Math" columns A,B and C might be quite confusing in this presentation as opposed to the traditional vertical multiplication based on the positional notation. For example, in the column A, the presentation starts from [image: image2.wmf]36
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 To an inexperienced mind, an immediate question comes to mind, as to where 10 and 4 came from. Before, there were two digits 1 and 4 in one number 14 being multiplied by 9 while now there are two numbers 10 and 4. In other words, there is an important step missing, the step which explicitly shows the interaction between the positional notation and the use of the distributive law [image: image3.wmf]9
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. Without this step the whole procedure outlined in this column is intuitively rather weak. The standard manner of multiplying is able to bypass that point by virtue of the role of positional notation and visual/spatial organization partaking in the vertical method of multiplying numbers.  A similar problem appears in column C (distributive law) and in column B (associative law). Looking together at columns A, B and C, the pedagogical problem in the design of the technique becomes clear. In these columns only the procedural aspect of the techniques was utilized, while, in fact, both conceptual and procedural aspects are needed. Moreover, since the whole instruction here seemed to be geared towards showing the conceptual richness of multiplication process, it seriously missed it by focusing purely on its procedural aspect. Clearly, the understanding and the coordination of the relationship between the two aspects of knowledge in this particular mathematical situation was missing in the presented instruction and, quite possibly, contributed to the confusion. This little analysis underlines the urgency with which the research community centered around the reform in mathematics education needs to attend to the integration of the p/c divide and, through the coordination of research with teaching, introduce it into instruction.

