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Over the last several years, we have given serious attention to how students learn to reason probabilistically; that is, how learners construct mathematical models, and how these models interrelate with each other and with data. A special focus has been on how students build and work with information. Some of research along these lines has been reported and discussed at Singapore (ICOTS-5, June 21-26, 1998), at PME-NA 20 (North Carolina State University, Raleigh, North Carolina, October 31–November 3, 1998), at the third Robert B. Davis (RBD) Working Conference (Snowbird, Utah, May 22-26, 1999) at  PME-NA 21 (Cuernavaca,, October 23-26, 1999), PME-NA 22 (Tucson, October 7-10, 2000) and PME-NA 23 (Snowbird, October 18-21, 2001). Continuing discussion, investigation and collaboration draw on work at sites around the world. 

Issues

At PME–NA 20 (Raleigh, 1998), the Working Group began to formulate a joint agenda for research, discussion and investigation. At Cuernavaca, the Working Group at PME-NA 21 developed this informal research direction further, together with presentations of data and research results. Discussions at PME-NA 22 (Tucson) and at PME-NA 23 (Snowbird) continued and extended the past discussion, with particular emphasis on identifying important mathematical and psychological issues that our work suggests should be addressed by learners, researchers and teachers. Central issues which the group discussed include:  

• Gaining more detailed understanding of how learners work with data, through analyses of learners’ images, representations, models, arguments and generalizations. Attention to learners’ successes as well as learners’ difficulties, in the unifying context of research on the development of understanding.

• Attending to how models, reasoning and thinking function in communities of learners, teachers and researchers.  Examination of the roles of given tasks, of classroom environments, of student-teacher interactions, and of how learners, in a range of settings, share ideas, reasoning, and information.

• Placing more fundamental emphasis upon the development of mathematical ideas through time, with learners of different cultures, ages, and social backgrounds; and with different prior mathematical and scientific experience. Recognition of the importance of detailed analysis of learners’ and researchers’ changing views of underlying psychological, mathematical and scientific issues. 

   To help focus and develop this agenda, the Cuernavaca discussion took as starting points the interplay of combinatorial and probabilistic reasoning for constructing images and models in the course of task investigations. At Tucson, and at later meetings, the complex role of such key ideas as sample spaces and data distributions came into the foreground, as well as very stimulating questions and discussion centered on the role of  simulations and experiments in the building, by learners, of important models and ideas. 

Theoretical Framework.

Recent  research emphasizes the complexity and subtlety of probabilistic reasoning, even in very basic situations. Models and representational strategies can easily extend distortions, even while they help support the growth of understanding. Indeed, the variety of representations which learners find useful, and the complex relationships among the models learners build and the data which they seek to explicate, provide rich opportunities for research investigations focused how learners, in social settings, construct, present, revisit and reconsider key ideas and ways of working.  Indeed, given its complexity, the development of probabilistic thinking seems to demand reflective building over time. The tools available, the ways the tools are used, the ways in which ideas and information move among the learners, the teacher’s questions, ideas and interventions, all contribute (or perhaps fail to contribute) in important ways. In our group’s emerging view, both research and teaching need to take the need for long-term building, as well as the complexity even of very basic tasks, into account.

Background

Related cross-cultural research on particular dice games, by researchers  in several countries, using different methods of analysis across a range of settings and learner populations, was reported in joint sessions at the International Conference on the Teaching of Statistics (ICOTS-5, Singapore, June 21-26, 1998). The Singapore reports (Amit, 1998; Fainguelernt & Frant, 1998; Maher, 1998; Speiser & Walter, 1998; Vidakovic, Berenson & Brandsma, 1998) helped motivate the work at Raleigh.  Further discussions at the third RBD Working Conference (Snowbird, Utah, June 1999) addressed important aspects of the Working Group’s agenda in the context of the growth of understanding.  

The present Working Group, first at Raleigh, then at Cuernavaca, and again at Tucson, built upon this shared research, enlisted new collaborators, and helped continue an evolving and quite lively conversation.  An incomplete but perhaps representative list of active members of the Working Group would include Sylvia Alatorre, Fernando Hitt and Araceli Limon Segovia from Mexico; and Alice Alston, Sally Berenson, George Bright, Hollylynne Stohl, Susan Friel, Regina Kiczek, Clifford Konold, Carolyn A. Maher, Bob Speiser, Pat Thompson, Draga Vidakovic, and Chuck Walter from the United States, and Claude Gaulin from Canada. Further colleagues, in several countries, are known to be engaged in work related to the Group’s agenda and concerns.

Plan for Involvement of Participants

At Raleigh, the Working Group considered data drawn from sixth-graders’ work on two dice games (Maher, Speiser, Friel & Konold, 1998) which led to an extremely rich discussion. Based on this experience, a list evolved which at Tucson had come to include four tasks, which we invited participants at different sites to explore with diverse learner populations. Here are current versions of these tasks.

A Game For Two Players

Roll one die. If the die lands on 1, 2, 3 or 4, Player A gets one point (and Player B gets 0). If the die lands on 5 or 6, Player B gets one point (and Player A gets 0). Continue rolling the die. The first player to get 10 points is the winner. Is this game fair? Why or why not?

Another Game For Two Players. 

Roll two dice. If the sum of the two is 2, 3, 4, 11 or 12, Player A gets one point (and Player B gets 0). If the sum is 5, 6, 7, 8 or 9, Player B gets one point (and Player A gets 0). Continue rolling the dice. The first player to get 10 points is the winner. Is this game fair? Why or why not?
The World Series Problem

In a "world series" two teams play each other in at least four and at most seven games. The first team to win four games is the winner of the "world series." Assuming that both teams are equally matched, what is the probability that a "world series" will be won: (a) in four games? (b) in five games? (c) in six games? (d) in seven games?

The Problem of Points

Pascal and Fermat, in correspondence, discuss a simple game. They toss a coin. If the coin comes up heads, Fermat receives a point. If tails, Pascal receives a point. The first player to receive four points wins the game.  Each player stakes fifty francs, so that the winner stands to gain one hundred francs, and then they play.  Suppose, however, that the players need to terminate the game before a winner is determined.  Further, suppose this happens at a moment when Fermat is ahead, two points to one.  In correspondence, Pascal and Fermat discuss the question: How should the 100 francs be divided? 

The first two tasks, and extensions, for example with tetrahedral dice, were developed for sixth-graders in the Rutgers-Kenilworth longitudinal study by Carolyn A. Maher and her collaborators.  Related work includes (Kiczek & Maher, 1998; Maher, Davis, & Alston, 1991; Maher & Martino, 1996; Maher & Martino, 1997; Maher & Speiser, 1997; Martino, 1992; Martino & Maher, 1999; Muter, 1999; Muter & Maher, 1998). The last two tasks were developed initially for eleventh-graders in the Rutgers-Kenilworth study.  

Research on several of these tasks has already taken place at several sites around the world.  Work in  Brazil (Fainguelernt & Frant, 1998), in Israel (Amit, 1998), and in at least four places in the United States (Berenson, 1999), (Kiczek & Maher, 1998), (Maher, 1998), (Speiser & Walter, 1998), (Vidakovic, Berenson & Brandsma, 1998) has already been reported. Closely related findings, including (Alatorre, 1999) and (Berenson, 1999), were discussed in detail by the Working Group at Cuernavaca.  

At the Tucson session of the Working Group, still more recent research was presented. In particular, the group discussed an extended videotaped student discussion of the World Series Problem, from the Kenilworth long-term study, directed by Carolyn A. Maher. At the Snowbird meeting, the group’s continuing discussions were further broadened and extended. Points of special emphasis included (1) the roles played by experiments and simulations in the building of ideas by learners, (2) the multiple ways in which learners present and reason about data, and (3) the complex use, in actual practice, of software and related tools. Much discussion concentrated on the following new task, introduced by Maher:

The Boy-Girl Problem

There are two children in the house.  You knock on the door, and a girl answers. What is the probability that the other child is a girl?

An extended written analysis of this problem by one student in the Kenilworth study was presented at Snowbird, after a very lively interchange among the members of the working group. At the Athens meeting, we look forward to further conversations based on task investigations, including recent work by Amit (in Israel) on children’s thinking about the dice game tasks described above.

Anticipated Follow-Up Activities

Collaborative work, based on case studies drawing on a focused set of tasks, and upon related research from a variety of points of view, at different sites in several countries, has already helped to focus and extend discussion and collaboration. Based on our continuing experience, further work with learners, in a range of settings, as well as further sharing and collaboration, are expected. In this spirit, we cordially invite new participants to join a growing and productive enterprise.  
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