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Activity for this Discussion Group will center on framing ways to think about the role and nature of symbolic reasoning in secondary school and early college mathematics. Perspectives on this issue will be through presentations during the first session and through papers shared prior to the meeting. One possible goal for the group will be the production of a collection of more refined papers on issues such as the nature of and relationships among symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition.  

The advent of CAS calculators in a growing number of schools, the international attention (Australia, Austria, France, England, etc.) being focused on CAS in schools, and the recent attention to CAS issues by the National Council of Teachers of Mathematics are factors that contribute to a growing need to develop a better understanding of the nature and role of by-hand and technology-assisted symbolic work. Past attention to symbolic work had focused on development of symbolizing in younger children (Cobb, Yackel, & McClain, 2000) and on beginning to define what might be meant by symbol sense (Arcavi, 1994; Keller, 1993/1994; Pimm, 1995). This symbolic reasoning discussion group is a follow-up on a very small invited conference on symbolic reasoning held several years ago in Bethany Beach, Delaware. The Bethany Conference focused on symbolic work at the high school and early college levels.

The Bethany Conference was assembled to consider the role and nature of symbol use in school and early college mathematics. Participants included mathematics and mathematics education faculty and doctoral students from Penn State, University of Iowa, University of Delaware, and Iowa State University. That conference generated questions and sought clarification on the issue of the nature of and relationships among the following: symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition. Questions that were raised include:

· What is the role of symbolic manipulation programs in the development of an ability to work with algebraic symbols? What new understandings of symbols will be required in a CAS-intensive mathematics classroom?

· What are the relationships between conceptual understanding and symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition?

· What is the impact of work with symbols on the disposition to verify mathematical claims symbolically?

· What is the impact of particular symbol systems on the development of symbol sense?

· To what extent can the development of symbol sense be informed by the metaphor of enculturation into a language?

Some Thoughts on Key Questions

Understanding and use of algebraic symbols is a topic of prime importance in mathematics education, and one for which essential questions remain unanswered. In this section, we make some observations from extant research literature, point to issues raised in this literature, and raise some questions that may be important in furthering our understanding of work with symbols in mathematics. Our observations are organized around the aforementioned list of questions.

What is the role of symbolic manipulation programs in the development of an ability to work with algebraic symbols? What new understandings of symbols will be required in a CAS-intensive mathematics classroom?

Constructs pertinent to the role of symbolic manipulation programs include the white box/black box principle and how it may be used to think about the relationship of students' use of CAS to the didactic approach taken in the classroom (cf. Heugl, 1997).  This immediately raises the question of how and to what extent by-hand symbolic manipulation contributes to students' understanding of symbols.  One perspective on how this might be addressed is the issue of technique, as discussed by Lagrange (1999) and others.

What are the relationships between conceptual understanding and symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition?

Herscovics and Linchevski (1994) observed that students without formal instruction in algebra (as in symbolic manipulation) used strategies based on inverse operations to solve equations in one unknown.  The students, however, abandoned manipulations of the equations and resorted to guess-and-test strategies when the equations involved two unknowns. Herscovics and Linchevski connected this work with prior work on the meaning of the equal sign.  It seems to us however that this work also suggests that students' sense of a symbolic item is related to their use of symbolic manipulations. 

Mason (1980) described the conjecturing process in mathematics in terms of three components.  It begins with doing particular examples that one "can manipulate easily while part of [one's] attention remains focused on [one's] primary goal" (p. 10).  One then possibly calls on diagrams or metaphors as one tries to get a sense of the underlying pattern or relationship.  Lastly, one continually articulates and refines the pattern.  Mason's notion of starting with manageable examples seems to underlie the task structures suggested by Drijvers (in press).  The structure of Drijvers' CAS classroom examples with systems of equations involves approximately two questions similar in structure but with different numbers. The last part of the task then moves beyond specific numbers and into the use of variables.  This structure seems to parallel Mason's notion of starting with the more manageable and then changing focus to the underlying pattern. Classroom tasks such as these may capture the essence of Mason's point that students need supports that give meaning to symbolic forms.  We also raise the question of to what extent the specific, manageable instances should be examples done by hand or by head, in the absence of CAS or other supporting technology.

An understanding of work with symbols requires understanding what it means to be fluent in the use of symbols, and such fluency would involve understanding the relationships among conceptual understanding, symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition. One way researchers have observed students’ fluency with symbols is to study how students use symbols in the solution of non-routine problems. Two decades ago, Rosnick (1982) observed that participants in his study had an inclination to use algebraic symbols as labels for “broad, undifferentiated concepts.” He remarked on their abilities to shift among different interpretations of a symbol within their work on a single task. 

In her study of college calculus students’ nonroutine problem solving, Kinzel (2000) added to the conversation about fluency with algebraic symbols when she characterized students’ work with symbols in her study of the interpretation and use of algebraic notation by college calculus students. She observed several categories of factors that typified students’ use and interpretation of symbols. First, she observed that a key factor in students’ work with algebraic notation was the extent to which students attended to the definitions of the symbols with which they worked. For example, one of the participants in Kinzel’s study shifted among interpretations of symbolic expressions; her loose definition of d allowed her to use d to represent “number of days” and simultaneously to use 
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. Kinzel pointed out that “Such conflict obscures the mathematical relationships between the quantities and thus compromises her [the student’s] representation of those relationships.” (p. 333). However, such loose attention to definition of symbols does not always compromise the mathematical meaning of the symbols, however, as one participant in Kinzel’s study seemed to operate from a loose definition of symbols while maintaining an awareness of the verbal interpretation of the formula. Another of Kinzel’s categories of factors centered on the influence of students’ attention to symbolic manipulation. Although students may have paid careful attention to defining particular notation when they first introduced it, they lost sight of that meaning once they became involved in symbolic manipulation and changed the meaning of the symbols to suit the manipulation, At times, students’ intention to use particular symbolic manipulations influenced the form of their representations. To Kinzel, key to fluency with algebraic symbols was attending to and integrating the selection, manipulation, and interpretation of algebraic notation. We believe that the understanding of the nature of this balance is crucial to understanding the nature of symbolic work in school and college mathematics.     

What is the impact of work with symbols on the disposition to verify mathematical claims symbolically?

Heid, Blume, Iseri, Flanagan, Kerr, and Marshall (1997) observed juniors and seniors in college as they solved non-routine problems. The researchers observed a tendency among three of the four target students to reason toward symbolic representations but not to reason from them. Seeming to view the production of a symbolic representation as a terminal goal, students resorted to the numerical or graphical forms as representations from which to reason. 

In summarizing the role of visualization in doing mathematics, Noss, Healy and Hoyles (1997) drew on Hadamard (1945) for evidence of the absence of typical symbols in mathematicians' initial work with problems. Healy's group noted the importance of the mathematicians' skill in moving between the formal symbolic work and more informal modes of thinking.  Healy and colleagues paired observations of mathematicians with the findings of Hillel, Kieran, and Gurtner (1989). The resulting stance contended that students prefer not to draw on mathematical knowledge when they can reason by perceptions when diagrams are present.  Healy and colleagues raised the question of what happens when microworlds are used.  We would tend to ask the related question, how might computer algebra systems and other computer environments be used to challenge students' non-symbolic tendencies while still respecting the potential for non-symbolic work in the initial stages of problem solving and of learning mathematics.

To what extent can the development of symbol sense be informed by the metaphor of enculturation into a language?

If mathematics is a language, the symbols used may be the written word.  We not only raise the question of how individuals construct and interpret mathematical symbols but we also ask to what extent this question may be informed by drawing on research and theory in reading and foreign language education.  Constructs in these fields such as encoding and decoding capture the change of thoughts into written forms and conversely from written word into thought.  There seem to be parallels to these in work with mathematical symbols.  For example, Kirshner (1989) concluded students depended on cues in the surface features (e.g., spacing between individual symbols) of ordinary notation in order to evaluate algebraic expressions.  Ericksen (1991) noted that students saw more surface-level features but struggled to recognize deep patterns in algebraic expressions, sentences and sequences.  She raised questions about how what is obvious to the mathematically experienced is not obvious to the learner.  Ericksen also questioned the role of conceptual understanding in seeing structures.  English and Sharry (1996) also questioned how students become able to identify relationships and to unpack symbolic expressions.  In making the connection with the language metaphor, we ask questions about the extent to which research on individuals' comprehensive of Chinese symbols for native and second-language speakers may inform how learners and more mathematically experienced individuals perceive and give meaning to strands of mathematical symbols.

The Work of the Discussion Group

This PME-NA Discussion Group seeks to expand the conversation about symbolic work to a larger pool of researchers and to develop collaborative papers addressing the concepts of symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition. Our goal would be the collaborative production of a series of papers for consideration as a special issue of the International Journal on Computer Algebra in Mathematics Education (IJCAME).

Invited short talks will be used as a vehicle to begin the conversation, addressing issues related to the following: symbol sense, symbolic reasoning, symbolic manipulation, symbolic insight, and symbolic disposition. In addition to the invited talks, Discussion-Group participants may submit additional papers addressing issues related to the work of this discussion group to post on a web site. To obtain the URL for the web site, participants should contact M. Kathleen Heid at mkh2@psu.edu. Papers should be sent to rmz101@psu.edu. An initial goal of the discussion group is to define topics and provide possible frameworks for potential papers and to form groups of researchers who could meet and work in the intervening year. Subgroups may communicate electronically and meet at the Annual NCTM Meeting, at the AMS-MAA Joint Meetings, at the annual AERA meeting, and/or at the MAA MathFest, so that drafts of papers on the topic could be ready for critique by the group at the 2003 PME-NA meeting. As drafts are posted, a list-serve will be created for this group and discussion of the papers would be ongoing. Those drafts would be revised during the 2003-4 academic year and would be prepared for submission to IJCAME soon thereafter.   
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