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The Early Algebra Working Group is interested in investigating and enhancing the development of algebraic reasoning in young children, primarily in grades K-8.  The group is NOT interested in investigating or promoting the early introduction of the standard high-school algebra course in the elementary or middle grades.  Our focus is on investigating and describing what we construe as the possible geneses of algebraic reasoning in young children, and in developing and investigating ways to enhance that reasoning through innovative instruction, applications of appropriate technology and professional development for teachers.

Brief History of the Group

The Early Algebra Group (EARG) has been meeting since 1998 and, more recently, in response to a call from the International Commission on Mathematical Instruction (ICMI), constituted the Early Algebra Working Group (EAWG), one of the eight groups in the 12th ICMI Study Conference The Future of the Teaching and Learning of Algebra (Chick, Stacey, Vincent & Vincent, 2001) held in Melbourne, Australia, in December of 2001.  The EAWG held a preparatory meeting before the Melbourne Conference and conducted an email discussion of points to be raised at the conference.  During the conference, the EAWG met for a total of 14 hours over 5 days. A report was given to the whole conference that summarized the results of our discussions.  This report outlined the following points: 

1. What Early Algebra is NOT (it is not the early introduction of standard HS algebra).

2. Historical overview (the different origins of arithmetic and algebra).

3. Overview of research in Early Algebra (from 1970’s through present day with some concrete illustrations using video clips from various research projects).

4. Implications of this research for algebra in grades 6-14.

5. Work to be done: Research and Policy Issues needing attention

Plans for Sessions at PME-NA

During the PME-NA meeting we plan to hold at least three sessions (one on each of Sunday, Monday and Tuesday).  The opening session will begin with a report from the ICMI EAWG discussions that will provide an overview and vision for the Working Group and share the conclusions of the ICMI EAWG with the wider PME-NA community.  Jim Kaput will lead this overview.  We shall invite discussion of these conclusions and outline the goals for the rest of the sessions.  Les Steffe and Andrew Izsak will make brief presentations on their proposed research on students’ quantitative reasoning and how this relates to students’ algebraic development.  At the Monday session, Analúcia Schliemann will present results from the TERC/Tufts longitudinal study on early algebra in 2nd through 4th-grade classrooms, Teresa Rojano will present her research on an early approach to functions using computing technologies and Joanne Lobato will present a report on her research concerned with transfer and generalization in the context of quantitative reasoning. The final session on Tuesday will begin with a report from Megan Franke on the work of the National Center for Improving Student Learning and Achievement in Mathematics and Science on issues related to the professional development for elementary teachers with respect to algebraic thinking.  We shall end the session with a discussion of the issues raised during the meetings of the WG at the conference and plans for future activities, including discussion group meetings at PME 27 in Hawaii.

Brief papers describing each of the scheduled presentations follow this introduction.
Reference

Chick, H., Stacey, K., Vincent, Jill & Vincent, John (Eds.). (2001). Proceedings of the 12th ICMI Study Conference: The Future of the Teaching and Learning of Algebra.  Department of Science and Mathematics Education, The University of Melbourne, Melbourne, Australia.
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The Algebra Problem

The US has an increasingly difficult “Algebra Problem” to solve.  Standard indicators of student achievement – international comparisons, NAEP and other national measures, as well as state test results – all point to decreasing achievement as grade levels increase. Well-known TIMSS curricular analyses point towards repetitious computational skill building and superficiality of topic coverage as important contributors to the problem. The repetition is followed by a delayed, abrupt and isolated first year algebra course, with continued tell-and-drill pedagogy that puts students in an overly passive position as learners.  High failure rates in first year algebra courses, especially in urban districts, contribute to student alienation, high drop-out rates, and low teacher morale.  Increasingly political responses to the problem involve a wide variety, but largely ineffective tactics in the form of middle and early high school pre-algebra courses of various kinds, screening and diagnostic tests, district and state algebra mandates, lengthened courses, diluting the definition of “algebra,” creating multiple versions of “algebra,” end-of-course & other high-stakes exams, among others.  Each adjustment produces small local improvements, although, since the tactics tend to be ad hoc and implemented independently, improvements do not accumulate or multiply. NCTM recommendations for integrating the development of algebraic reasoning across K-12 are implemented only in a few of the standards-based curricula, and these mainly at the middle school level. And most importantly, algebra’s breadth & depth are not systematically reflected in school mathematics experience, so that School Algebra does not serve School Mathematics in the positive ways that Algebra has historically served Mathematics. 
Research Toward Solutions

Several research teams studying the development of algebraic reasoning in the early (K-5) grades formed an informal research collaborative in the late 90’s which renews a prior collaboration funded by the US DoE OERI in the early/mid 1990’s through the National Center for Research in Mathematical Sciences Education that in turn grew out of an earlier “Algebra Working Group” in the latter 1980’s that examined the nature and purposes of algebra in school mathematics.  Today’s line of work shares broad hypotheses regarding the large positive potential of building algebraic reasoning in the context of elementary mathematics, the need to exploit untapped student learning capacities among younger students, the powerful role of generalization and formalization in deepening students’ experience and understanding of elementary mathematics – especially arithmetic – and the potential for using changes in the curricular relationships between algebra and elementary mathematics as a catalyst and vehicle for faculty development of elementary teachers.  These researchers engage in several complementary lines of work focusing on different aspects of the problem – student learning, classroom practice, curriculum design, professional development, capacity building, & so on.

Reflections on Why the Algebra Problem Is Difficult

Several aspects of the problem contribute to its depth and complexity beyond uncertainty regarding its place in the curriculum or its relevance and importance due to continuing changes in technology and applications. We see 2 categories of reasons: (a) involving the inherent complexity of algebra content, and (b) institutional/historical reasons.
Content Reasons: The pervasiveness of the roots of and uses of algebraic reasoning mean that it is not just a topic or topic strand. It has multiple interacting aspects, two of which underlie the others. Root Aspect #1: Algebra as generalizing and systematically expressing patterns & constraints, especially, but not exclusively, algebra as generalized arithmetic & quantitative reasoning. Embodying generality and the systematic expression of generality, it is an intrinsic way of being mathematical. Root Aspect #2: Algebra as reasoning from the forms of syntactically-defined statements and the syntactically guided manipulation of those formalisms to build insight. Other aspects of algebra, include algebra as the study of patterns, functions & relations, as the study of the structure of operations & systems (abstract algebra), and algebra as a web of representation systems. 
Institutional/Historical Reasons: School algebra is hard to change because: (1) Algebra is a Socio-Political-Economic Institution as well as a web of skill & knowledge that complexly interact with other knowledge & skill. (2) Algebra the Institution co-evolved with our systems of education, so is deeply intertwined with them and cannot change independently of them. (3) Algebra & arithmetic had different historical origins, served different social purposes, served different populations and were historically instantiated as separate curricula for demographically separate populations.
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Mathematics education as a profession is in a period of reform to improve the teaching and learning of school algebra. Furthermore, “algebra for all” is a popular mandate in schools and mathematics education policy documents that signals desires for and movement toward more equitable school practices. However, without rethinking what algebraic reasoning is and how students learn to reason algebraically, these mandates effectively legislate that everyone must come to know a univocal algebra that the researchers feel does not necessarily respect individuals’ ways of knowing and does not necessarily delve deeply into conceptual ways and means of operating algebraically. Interpretation of “algebra for all” mandates within the reform movement is crucial because our prior research (Olive, 1999; Steffe, 2002; Steffe & Olive, 1998) indicates that students come to middle school with distinctly different ways of operating quantitatively and numerically, ways that we believe will significantly impact the students’ development of algebraic knowing. 

Thus, to interpret such mandates, we plan to conduct an ontogenetic analysis of algebraic knowing by examining how 6th and 7th grade students operate quantitatively and by investigating how to bring forth their algebraic reasoning as a reconstitution of their quantitative operating. Based on prior research on children’s number sequences (Steffe & Cobb, 1988; Steffe, 1992) and children’s fractional knowledge (Steffe & Olive, 1998) we have identified three categories of students that are fundamental to this work: pre-fractional students, additive fractional students, and reciprocal reasoners. Students in the different categories reason in significantly different ways: pre-fractional and additive fractional students are yet to construct multiplicative fractional concepts. Since quantitative and numerical operating forms a basis for algebraic reasoning, the nature of the quantitative operating of these students presents a serious and as yet unsolved problem in mathematics education. While reciprocal reasoners operate multiplicatively, many have not yet constructed fractional operations that are fundamental to reasoning algebraically. The goal of this research is to construct an algebraic learning trajectory for each of these categories of students based on their initial concepts and operations and how these concepts and operations are used in their further constructive activity. An ontogenetic analysis is made as we construct actual learning trajectories of students using hypothetical learning trajectories as a guide in the process of teaching students. Thus, an essential orientation in this research is to bring forth students’ algebraic reasoning out of their quantitative operating in the context of teaching-learning interactions. We hypothesize that the pre-fractional and additive fractional students will make progress toward constructing an additive algebra, including unknowns and equations, as well as multiplicative operations and ratios. Once the reciprocal reasoners have constructed fractional operations, they will move toward the construction of rates, variables, covariation, and linear functions. 

We plan to conduct a three-year constructivist teaching experiment with four students in each of the three categories starting in the spring semester of the students’ 6th Grade and working with them twice a week over the course of two years. As we use teaching as a source of scientific investigation, our intention is to teach the students with the goal of promoting the greatest possible progress we can in all of the participating students. To this end and to serve our central goal, we formulate and test local hypotheses within teaching episodes. The work of the teaching experiment will include: ongoing conceptual analysis of quantity, quantitative operations, and algebraic knowing; a mapping of actual learning trajectories based on hypothetical learning trajectories; and extensive use of representations and technology tools. 
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Student learning in algebra is a perennial concern in U.S. mathematics education. In recent international studies, U.S. middle-school students’ achievement in algebra lagged behind that of their peers in high-achieving countries (National Center for Education Statistics, 2001b; Peak, 1996). Despite increases in average scores on the National Assessment of Educational Progress (NAEP) exam in 2000, 34% of the nation’s eighth graders scored below a “basic” level of performance in mathematics (National Center for Education Statistics, 2001a). Moreover, improving the teaching and learning of school algebra in the United States has become central to achieving equity in mathematics education because difficulties with algebra can constrain students’ career choices and perspectives on the surrounding world. In response to claims that algebra predicts success in college, there have been recent calls for “algebra for all.” 

Alternative responses to the algebra problem take into account expanded notions of what school algebra can be, similar to those articulated by Kaput (1995), National Council of Teachers of Mathematics’s (NCTM) Principles and Standards for School Mathematics (2000), and the National Research Council (NRC) (Kilpatrick, Swafford, & Findell, 2001). For example, the NRC committee characterized algebra as consisting of: Representational activities, transformational activities (i.e., operating on and transforming algebraic symbols), and generalizing and justifying activities. Some versions of an expanded algebra are more explicit about algebraic structure and relations among operations. All versions stress that algebra includes not only operating on and transforming algebraic symbols but also ways of representing and reasoning about problem situations that contain features such as unknowns, patterns, and covariation. 

Expanded notions of algebra have set the stage not only for changing high-school algebra courses but also for instructional approaches intended to make important aspects of algebra accessible to younger students. The NSF has supported the development of middle-school materials and high-school materials that are aligned with the NCTM Standards, but the NRC (Kilpatrick et al., 2001, p. 279) has pointed out that more research is needed on the role that expanded activities can play in the development of “symbol sense.” The proposed work is an instance of such research in the context of an expanded algebra. In particular, the mathematical content at the center of our proposed research lies at the intersection of algebra, problem solving, and representations. 

Algebra. We start with a general characterization of algebra that is consistent with that articulated by the NRC. That is, we take algebra to be a subject concerned not only with operating on and transforming algebraic symbols but also with representing and solving problems, generalizing and justifying arguments, and reasoning about relations among operations. We focus on multiplicative comparisons—including ratio, rate, and slope—in problem situations that contain unknown quantities, patterns, or covariation. 

Problem solving. We ground our perspective on problem solving in those perspectives previously developed. Schoenfeld (1992) summarized five aspects of mathematical thinking and problem solving around which there is considerable agreement: (1) The knowledge base, (2) Problem-solving strategies, (3) Monitoring and control, (4) Beliefs and affects, and (5) Practices. A mathematical task is a problem only when it is not routine for the person trying to accomplish that task; that is, when the person cannot quickly generate a path by which to complete the task. In particular, we take algebra problem solving to be neither the routine manipulation of symbols—although such activities can play an important role in algebra problem solving—nor the solution of routine word problems. 

Representations. Considerable theoretical and empirical work has been done in mathematics and science education on both internal and external representations. We use the word “representation” to refer to external ones. Empirical work has made clear that students often struggle to understand and use standard mathematical representations found in algebra courses to solve problems (e.g., Kieran, 1992). Some recent research has focused on how students can construct their own representations to successfully solve problems about physical situations with algebra (e.g., Izsák, 2000, in press). 

The proposed research will focus on teachers’ and students’ understandings of shared classroom interactions and on ways that teachers and students work together to shape the teaching and learning of middle-school algebra through representing and solving problems. To gain access to and analyze teachers’ and students’ understandings of shared classroom interactions, the project will coordinate analyses of taken-as-shared classroom problem-solving practices with individual teachers' and students' understandings of those practices. Thus, the project will examine the sense that students make of their opportunities to learn and teachers’ sensitivity to the core learning issues for their students. 
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Our work in Early Algebra has been built on the ideas that (a) generalizing lies at the heart of algebraic reasoning; (b) arithmetical operations can be viewed as functions; and (c) students’ spontaneous representations of mathematical relations can be nurtured to evolve into meaningful notation based on mathematical conventions.  We have also assumed that mathematical learning is an inherently social activity, closely tied to the discussions and contexts where it takes place. We will illustrate how such cognitive and social ideas underpin the design and implementation of third grade algebraic-arithmetic tasks related to the operations of addition and subtraction.

In planning the lesson we will describe, we had several specific considerations in mind, among which were the following:

1. Additive comparisons tended to be somewhat challenging to third graders;

2. Although the amount in each box was unspecified, the difference was fixed; from earlier work, we knew that a difference quantity is an important component of additive structures; 

3. We wondered whether and how children would express the idea that there could be many possible values for two compared amounts; 

4. The problem would possibly provide an opportunity to introduce letters to stand for unknown amounts and for variables; and

5. The activity would best be promoted through intellectually playful dialogue in a setting where students were encouraged to express their ideas and show their insightfulness into the problem.

Our example is part of our second to fourth grade longitudinal investigation with the students of four classrooms in a public elementary school from a multi-cultural working-class community in Greater Boston.  Descriptions of our class materials are available at www.earlyalgebra.terc.edu. The lesson we focus upon in this paper was the first one we taught to third grade students we had been working with since second grade. 

The lesson is structured around a situation in which one child, Mary, is said to have three more candies than another child, John.  We actually show two boxes, one Mary’s, the other John’s, and assert that there are equal amounts of candies in each.  We then take an additional three candies and place them on top of Mary’s box and state that her total amount includes both the candies inside and on top of the box.  We begin by asking the students to express what they know about John and Mary’s amounts.  

The problem can be viewed both as a particular empirical state of affairs and as a set of logical possibilities.  The former viewpoint gains prominence when one wonders how many candies are actually in the box.  The latter emerges as one focuses on the verbal description of the problem and attempts to find multiple “solutions”.  Each viewpoint offers its version of truth or correctness.  There can only be one empirical truth regarding the number of candies John and Mary have.  By this standard, only students who guess the numbers of candies in the boxes can be right.  However, the logical standard accepts all answers consistent with the information given, regardless of whether they correspond to the reality present in the classroom.  As one student expressed it, “Everybody [in her class] had the right answer… Because everybody… has three more. Always.”  This second viewpoint supports the idea of a variable: there are multiple possibilities that would make the basic premise of the problem true.

By asking the students to make predictions about numbers of candies, we may have encouraged some of them to construe their task as having to guess accurately.  However, this served as an opportunity to discuss “impossible answers”, such as the suggestion that one child had 8 candies and the other 10 candies.  These answers are of course “impossible” only by virtue of the verbal information provided.  Furthermore, once the prediction table was set up, students could try to describe what features were invariant among the (valid) answers.  In a sense, the data table allowed students to make a generalization.

The mere fact that they entertained an expression such as “N+3” as a reasonable way to express Mary’s candies as a function of John’s was encouraging.  We believe students accepted this because the notation was a natural extension to the students’ own experience.  One student had introduced question marks to represent John and Mary’s amounts.  This led the teacher-researcher to point out the potential confusion due to using the same symbol, “?”, to represent different amounts.  This puzzle was advanced when students suggested that Mary’s amount should be “any number plus three”, which the teacher embodied first as “? +3” and later as “N+3”.  

Another teacher-researcher outright proposed that students adopt the letter N to specify an unknown amount.  Once the students accepted this convention they came to the conclusion, through suggestions by two of the students, that Mary’s amount should be called “N plus three.”  This is admittedly a small step in the direction of using algebraic notation; but we consider it an important one. 

The second day of the candies activity took the discussion further into the territory of logical possibilities and constraints.  In this class we asked the students to consider the totals of John’s and Mary’s candies, given the “fact” that Mary had three more candies than John.  Could they have 15 candies, together?  What about 12 candies?  Or 2 candies? Why or why not?  We gave them a number of problems to figure out based on varying assumptions about the totals.  After working through several of these examples (with odd numbered totals), they began to see that there was a pattern: they could determine the number of candies in each box systematically.  However, the fact that students systematically solved the problem (subtracting 3 and dividing the result by 2) did not guarantee that they could state their procedures clearly: at least two pairs of students in one class described their approach as dividing by 2 and then subtracting 3.  Eventually, we would like to have seen them produce answers such as (N-3)/2, but they would need considerably more experience with using letters to stand for unknown amounts before such an expression would make sense to them.

AN EARLY APPROACH TO FUNCTIONS: THE MEDIATING ROLE 
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Conceiving that the simultaneous variation of two variables in a numeric function table is governed by a general rule is an idea that many secondary pupils find very difficult. Even more difficult they find the idea that such variation can be analysed and “manipulated” through expressing the corresponding rule in a symbolic  (algebraic) way. The latter presupposes an appropriate understanding of numeric substitution in a formula as well as a basic notion of numeric variation domains. This means that from the perspective of the symbolic algebra, the mathematical sign system of algebra plays a crucial role as a mediator of subject’s action, to build up the concept of functional variation. In some previous studies, this role of the notation system has been seen more as a constraint for pupils’ thinking, rather than as a thought mediator.

However, in other studies, there has been gathered evidence with regards how algebra-like sign systems like spreadsheets can help 10-15 year olds to express and manipulate a functional relationship (Rojano & Sutherland, 1994). Results of this sort suggest that when working with a spreadsheet, children can resort to their numeric knowledge at the same time that they have to deal with a language that captures the generality of variation and functional dependence. This can be interpreted in the sense that the spreadsheet language takes on a mediating role in the pupils’ development of an algebraic notion of function.

Cases from the spreadsheets study mentioned above corresponding to the youngest pupils (10 year olds) can be used as examples of how an early introduction to algebraic thinking can take place through a numeric grounded approach to functions. Whereas, issues from the same study with ”algebra resistant pupils” (of 15 years of age) suggest that a connection between spreadsheets language and the algebraic code is feasible. In this way, a possible rout to algebra can be conceived, in which algebraic symbolism can be recovered as the language of generality and variation in school mathematics. Issues arising from a couple of cases will be used in this presentation to illustrate how this can be possible. A reference to Balacheff’s paper on “symbolic arithmetic” (Balacheff, 2001) and to Filloy’s work on transitional processes from arithmetic to algebra (Filloy, Rojano, & Rubio, 2001) will be made, in order to provide a framework for discussion about the nature of the mathematical thinking that is produced by experiencing variation in a spreadsheet environment. In a recent publication, Yerushalmy and Chazan bring in an analysis of the use of multiple representations of functions in technologically supported approaches to introductory algebra (Yerushalmy & Chazan, 2002). These authors emphasise the influence that such a multi-representational treatment has had in the curricular role of functions in school algebra. This perspective could enrich our discussion, in terms of implications for the algebra curriculum.
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Two issues will be explored in this presentation—one involving generalization activities in algebra and the second involving a reconceived view of transfer that emerged from studies of algebraic thinking. Quantitative reasoning plays a critical role in each of these explorations. According to Thompson (1994), quantitative reasoning involves the construction of new quantities and relationships among quantities in a situation, where a quantity refers to one’s conception of measurable attributes of objects, such as height or distance. Quantitative is not a synonym for numeric, as the term is often used in statistics; quantitative reasoning can be nonnumeric in nature. The two themes in this presentation are also informed by empirical studies conducted as part of a continuing 5-year research project, the Generalization of Learning Mathematics in Multimedia Environments. One of the major goals of the project is to examine how instruction based on quantitative reasoning about ratios, rates of change, and linear functions affects the nature of individual students’ generalizations when reasoning about novel “real world” situations (such as wheelchair ramps, speed, and heart rates). Although the studies have been conducted with middle and high school students, many of the findings are applicable to discussions of early algebra. 

Many researchers have argued that the development of generalization and the systematic expression of generality are key elements in distinguishing algebraic from arithmetic activity (e.g., Bednarz, Kieran, & Lee, 1996). However, the generalization activities in reform mathematics materials typically involve the generalization of number patterns. Lobato and her colleagues demonstrate the limitations of generalizing based on numeric patterns alone and the importance of generalizing based upon quantitative reasoning (Lobato & Ellis, in press; Lobato & Thanheiser, 2002). Specifically, they investigated students’ reasoning in a modified SimCalc Mathworlds computer environment (1996), in which students entered distance and time values for one animated character so that the character would walk the same speed as a given character. Students generalized numeric patterns, for example noting that multiplying both distance and time values by the same number will produce “same speed” values. However, closer investigation revealed that students could not explain why the patterns worked. Furthermore, they produced visual representations that failed to capture the proportional nature of the situation. In contrast, the classroom discussion encouraged students to develop a justification for why doubling both time and distance did not change the speed, which was based upon reasoning with the quantities in the situation—distance, time, and speed—rather than based solely upon numeric reasoning. As a result, students demonstrated evidence of constructing ratios as a measure of speed, which appeared to lead to more powerful generalizations than did the numeric reasoning. This finding suggests a number of questions to be explored in the session: (a) How might justifications that rely upon quantitative reasoning differ given a variety of phenomenologies, such as a heart rate situation rather than speed situation?; (b) Is there a common characteristic among justifications and generalizations that have a quantitative as opposed to a numeric basis?; and (c) How can teachers and technological environments support a focus on quantitative reasoning? 

A second issue related to quantitative reasoning in algebra involves rethinking key aspects of the transfer construct, in particular the surface/structure distinction of traditional models of transfer. In transfer experiments researchers typically provide subjects with paired tasks that share “structural” features, usually the same solution method, but differ in terms of “surface” features, usually the situational aspects of the word problem. For example, the two tasks of calculating the slope of a line and finding the slope of a wheelchair ramp are typically conceived as sharing the same structural or mathematical relationship between slope, “rise,” and “run,” but differing in terms of a graphical versus a “real world” context. At the heart of the structure/surface distinction is an assumption that the paired tasks share a similar level of complexity, but for whom—the researcher or the subjects? Researchers operating within a traditional model of transfer adopt an observer’s perspective since they predetermine what counts as transfer and what constitutes structural similarity between tasks using normative models of performance. In contrast, a reconceived model of transfer, called actor-oriented transfer(Lobato, 2002) will be presented. Actor-oriented transfer rests on a definition of transfer as the personal creation of relations of similarity, or how "actors" see situations as similar. One consequence of adapting an actor-oriented view of transfer is demonstrated by Lobato and Siebert’s (in press) work, which suggests that what researchers typically consider a surface feature can present conceptual complexities for students that are more structural in nature than previously understood. Specifically, Lobato and Siebert document how an eighth-grader was unable to “transfer” his understanding of the slope formula to a typical transfer task involving a wheelchair ramp, due to the quantitative complexity of the transfer situation. At the end of a teaching experiment, the researchers presented the student with the same wheelchair ramp situation again. Once the student reconstructed his understanding of the relationships among the quantities in the situation, he was able to provide evidence of actor-oriented transfer using previous proportional-reasoning experiences from the teaching experiment. This study provides some understanding of the types of quantitative reasoning that students need to develop in order to succeed in complex transfer situations. The work also raises important questions regarding how to provide instructional experiences that enable students to make sense of quantitatively complex situations without directly providing instruction related to each target situation. 
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RETHINKING PROFESSIONAL DEVELOPMENT FOR ELEMENTARY SCHOOL TEACHERS AROUND ALGEBRAIC THINKING

Megan L. Franke, Thomas Carpenter, Dan Battey, Linda Levi & Victoria Deneroff

A growing consensus suggests that it is necessary to reconceptualize the nature of algebra and algebraic reasoning and to provide students opportunity to engage in algebraic reasoning earlier in their education (Kaput, 1998;  National Council of Teachers of Mathematics, 1997, 1998). The artificial separation of arithmetic and algebra traditional in school mathematics curricula deprives students of powerful schemes for thinking about mathematics in the early grades and makes it more difficult for them to learn algebra in the later grades (Kieran, 1992; Matz, 1982).  For the last five years we have been working with teachers and students to understand how to create classroom environments that provide opportunities to engage in algebraic thinking.  We have developed ways of thinking about both the content of algebraic thinking for the elementary school grades and how to provide support for teachers as they consider engaging their students in algebraic thinking.

Drawing on Robert Davis’s (1964) seminal work on the Madison Project, we have used the solution and discussion of true, false, and open number as a primary context for helping teachers understand and focus on student thinking. These number sentences provide a context to initiate conversations that can lead to generalization and to introduce discussion of notation that might be used to express those generalizations. This context has proved particularly fruitful in engaging students in algebraic thinking and making that thinking visible to teachers. Specific ideas that we have addressed include:  (a) equality as a relation, (b) generalization about number and properties of operations, (c) representation of generalizations, and (d) the progression of forms of argument that students use to justify generalizations.  Previous research suggests that students in traditional classrooms are not aware of the underlying structure and properties of arithmetic operations (Chailkin & Lesgold, 1984; Collis, 1975; Kieran, 1989).  In our research we have found that young children are capable of making such generalizations, constructing ways of representing them, and justifying them if they are provided appropriate opportunity (Carpenter & Levi, 1999; Carpenter et al., 1999;).   These findings are consistent with other recent studies (Bastable & Schifter, 1998; Davis, 1964; Kaput, 1999; Schifter, 1999; Tierney & Monk, 1998).

We have taken what we ourselves and others have learned about students’ capabilities in algebraic thinking and developed a set of ideas about engaging teachers.  Our work with teachers builds on the conception of teacher learning as a generative process interactively constituted in complex learning environments. We see that we cannot separate learning from the context in which it occurs and that we need to capture the evolutionary character of teacher learning.  Our goal then is to provide teachers’ opportunities to engage in inquiry about their students’ mathematical thinking. What we have learned as we have used these ideas to work with teachers is that content plays a central role in what and how the teachers engage.  The mathematical content plays into teachers’ notions about their students and what they can accomplish as well as into their notions of mathematics.

We have found that it is not just the structure of the professional work that makes a difference but the interactions around those structures.  (We have described the structures and processes elsewhere.)  So while we can enumerate some key principals for supporting professional development (a) creating communities where the teachers are engaged in inquiry (b) student thinking provides a tool that engages teachers, makes explicit their and their students participation with the mathematics and provides a trace of the communities ideas, (c) understand the histories of cultures of the communities that we enter.  What we did not realize was how these ideas interacted with the mathematical content on which the professional development is based.  We have found that we may need to think differently about professional development for elementary school teachers around algebraic thinking.

We piloted our algebraic thinking work this past year in an urban elementary school.  We wanted to use the work around algebraic thinking as a lever for changing teachers’ mathematics practice and the ways they engaged with each other as a community.  What we found was that the teachers at Lincoln could easily co-opt the algebraic thinking work to fit their notions of the teaching and learning of mathematics and the algebraic thinking work on the surface did not explicitly keep at the forefront a different way of thinking about the teaching and learning of mathematics.

We went into Lincoln Elementary anticipating the teachers would find the algebraic thinking “fit” with what they needed to focus on for their students.  On the surface, the algebra looks much like what the teachers already do; the algebra work focuses on solving number sentences and understanding the relationships within and across mathematical expressions.  It looks symbolic in nature.  It involves problems that teachers see on the standardized test.  It does not look like “fluffy” problem solving”.  We hypothesized that it would provide a reasonable entry point.  What we did not anticipate was how the content of algebraic thinking we identified and the ways in which that mathematics was made explicit fed into teachers existing notions in ways that did not help them think about how they might engage students in talking about their thinking or representing their ideas within the group.  In our previous work the word problems did serve this purpose.  We have found a number of ways in which the content plays out in the professional development differently than we would have anticipated.  We need to think carefully about the mathematical content and its relation to teacher learning and professional development.
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