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The working group on Geometry and Technology has met since the PME-NA XX conference at Raleigh, North Carolina in 1998.  The objectives were to explore: the technology environment, student perspectives, and teacher perspectives.  Since this initial year, we have discussed

· The student in an environment created and caused by micro worlds (PME-NA XXI)

· Preservice teachers’ understanding about the role of proof in mathematics and the impact of dynamic geometry software on their understanding of proof and proof-writing skills (PME-NA XXII),

· A focus on proof with the investigations of the role of software in moving students from conjectures about drawings to the theoretical work with sketches (PME-NA XXIII)

Correspondence with the network established in the working group indicated that participants in 2001 wanted to continue sharing instruments and methods from ongoing projects.  Instead of organizing the group sessions as a set of presentations, the group leaders used the network’s suggestion to develop a format that would require participants to actively work on instruments and discuss potential student responses that would be meaningful to research.   They presented two tasks from the Balanced Assessment Project and used Rethinking Proof (de Villiers, 1999) as a model for developing new performance tasks in research.

 The group leaders divided participants into small groups and asked each group to discuss the mathematics in each Balanced Assessment task and to examine sample student responses.  The essential parts of a high school level task involving properties of circles is shown below:
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The circular glass top of your neighbor’s coffee table breaks.  Your neighbor is very upset and would like to replace the glass top but does not know exactly how big it was.  He brings you a piece of broken glass that contains part of the boundary of the original top.  Describe exactly what you would do in order to figure out the exact size of the original glass tabletop.

Figure1. Task 1:  Glass Top


Students who attempt this problem know that a center and a circumference point determine a circle, and in this case the center is missing.  A typical student response is to extend the outer straight edges of the glass piece and to mark the intersection as the center of the circle.  Another student response shows that the student estimated that the arc of the glass piece was ¼ of the circumference.  If the length of the arc is measured, the circumference and subsequently the diameter measure can be determined so that the full glass circle can be ordered.  Some students remember that chords are somehow used to find the center of the circle but do not recall using the perpendicular bisectors of the chords to find the center.  The first two students used an eyeball estimate to propose a solution.  They used a method to produce a circle that looked good enough but did not check this solution for accuracy.  The third student vaguely remembered some properties of a circle, but her memory of the logical relationships among the circle, chords, and the center was incomplete.  

These responses demonstrate the struggle students have because they separate activities such as application and drawing from proof and reasoning.  Schoenfeld (1986) describes students as “naïve empiricists whose approach to straightedge-and-compass constructions is an empirical guess-and test-loop.”  (p. 242).  In proof, the objects are hypothetical and theoretical; the standard of correctness for the student is logic. On the other hand, objects in constructions and diagrams have spatial-graphical properties and are real; the standard of correctness is accuracy of the drawing.  

Theoretically, geometry software should address the gap between empirical work and deductive thought because the dynamic features of the software make it a philosophical tool that allows spatial-graphical diagrams to behave in a theoretical way.  The group leaders posed these questions:

1. How would students perform differently if this task were in a computer environment?
2. Do students demonstrate the use of deductive thought with the software as a philosophical tool?
An obvious response was that students could more easily check their solutions to see if the proposed circle fit the curve of the glass.  However, checking is still empirical work.  It was noted that students could cheat by selecting three points on the given arc in a certain order to draw the major arc and complete the circle.  While this response demonstrates knowledge of the software, the student may not know the theoretical relationships to find the center.  It was noted that very different and interesting solutions could be found that student would probably not attempt with pencil and paper.
A second task involved the properties of quadrilaterals and measurement calculations:
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You work for an envelope manufacturer.  You have been given a job by your boss: investigate different envelopes that will hold this invitation.  There will be three parts to this investigation:

1. Explain why most envelopes make a rhombus when they are unfolded.

2. Design a “rhombus” envelope to fit the card giving all measurements of sides and angles.

3. Design an envelope to fit the card that makes a rectangle when it is unfolded and give the measurements of the sides and marked angles.

Note: Diagrams on two more pages of the task suggested the geometry involved for students in this task.
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Figure 2. Task 2: Design an Envelope

The working group liked this task because it encompassed a wide variety of geometric topics.  It requires students:

· To use spatial reasoning with properties of the rectangle and rhombus to explain why most envelopes make a rhombus when unfolded

· To use the Pythagorean theorem and trigonometric ratios to design an envelop and provide measurements

· To use similarity and/or trigonometry to design an envelope that makes a rectangle when it is unfolded.

In a computer environment students could find points A, B, C, and D by using reflections over the edges of the invitation.  Of course students could cheat with the measurement tool, but they could be required to justify the measurements.  The following samples show student work:

Student A: “ABCD is a rhombus because it is a sloping square.”

Student B: He/she used the Pythagorean theorem appropriately to calculate the side measurements of the rhombus but believed that the diagonals of the rectangular invitation bisected the right angles.  He/she also knew that the triangle formed with the rectangular envelope were similar but could not proceed to make calculations with ratios.

Student C: “The diagonals of a rectangle bisect each other, and the endpoints of the diagonals form the midpoints of the sides of the outershape.   Since all of the segments formed by the midpoints are congruent, the outer figure is a rhombus.”  This student also used the Pythagorean theorem appropriately and recognized the similar triangles in the rectangular envelop without calculating the measurements.

Student D: This student did not have as nice an explanation as student C for the rhombus figure, but he/she did systematically and accurately perform all measurement calculations.

The computer software would have allowed students to test statements and measurements.  For example, Student B could have tested the conjecture about angle measure.  A more interesting and appropriate task for the computer would be to require students to construct the envelopes without showing them the unfolded diagrams. 
After the discussion of these Balanced Assessment tasks, the group leaders introduced the article Rethinking Proof (de Villiers, 1999).  De Villiers relates students’ separation of application and drawing from proof and reasoning to van Hiele theory.  He emphasizes constructive defining, a process in which concepts and theory are constructed by “changing a given definition by excluding, generalizing, specializing, replacing, or adding properties to the definition.” (p. 15) This process progresses through the van Hiele levels.  At level 1 students use visual definitions and recognize whole figures; at level 2 they use uneconomical definitions, recognizing all properties for a given figure; and at level 3 they use correct, economical definitions and recognize logical relationships between figures; level 4 students use longer sequences of logical statements and recognize a system of definitions, axioms, and theorems.  Levels 1 and 2 students also have partitional definitions as opposed to the level 3 hierarchical definitions that allow inclusion of subsets of figures in more general sets of figures (squares are subsets of rectangles).  De Villiers states that teachers should allow students to construct and refine definitions at all levels.  He demonstrates how the dynamic nature of software can aid in the development of hierarchical definitions and advocates that teachers first provide ready-made constructions of figures so that properties can be thoroughly explored in the causal relationship between a premise condition and a conclusion.  For example, “perpendicular bisecting diagonals” is a consequence of constructing “all four sides equal” in a quadrilateral.  “A tangent line at a point on a circle” is a consequence of constructing “the perpendicular to the radius determined by that point.”  Eventually students learn to make their own constructions.  Citing an older but nonetheless relevant article, Smith (1940), de Villiers describes the importance of using “if-then” thinking in learning to do constructions:

Pupils saw that when they did certain things in making a figure, certain other things resulted.  They learned to feel the difference in category between the relationships they put into a figure—the things over which they had control—and the relationships which resulted without any action on their part.  Finally the difference in these two categories was associated with the difference between the given conditions and conclusions, between the if-part and the then-part of a sentence.

The computer environment allows students to explore which properties or conditions are necessary for a construction and to reduce the properties until they have a sufficient set for construction.  When a sketch is created with logical properties that students put into a figure, other relationships result and remain invariant when the students drag the defining objects of the sketch.  It would seem that the students who responded to the Glass Top task missed the prerequisite experiences of exploring the logical relationships among radii, chords, tangents, and perpendicular lines.  Without a known center, only general chords could be constructed in the glass piece.  Perpendicular bisectors of chords necessarily contain the circle center, and two intersecting perpendicular bisectors are sufficient to determine the center point.  The task itself could be done with or without the computer, but perhaps the conceptual substructure needs to be developed with the geometry software. 
Because the logical “if-then” syntax is integral to geometry software and should provide a connection between drawing and proof, the group leaders extended the work with Balanced Assessment tasks to de Villiers’ activities categorized by functions of proof.  In Rethinking Proof, de Villiers (p. 4, 1999) has listed these functions of proof: 

· Verification (concerned with the truth of a statement)

· Explanation (providing insight into why it is true)

· Systematization (the organization of various results into a deductive system of axioms, major concepts and theorems)

· Discovery (the discovery or invention of new results)

· Communication (the transmission of mathematical knowledge). (p. 4)
· Intellectual challenge (the self-realization/fulfillment derived from constructing a proof)

De Villiers’ research (1991) indicates that explanation, discovery, and verification can be meaningful to level 2 students while challenge and systematization are appropriate for level 3 and 4 students.  If students have experiences with the first three functions, teachers help them make a transition from level 2 to levels 3 and 4.  This result opens investigations to study samples from the middle grades (5-8) to college level.  

The working group leaders assigned each of 6 small groups one of these functions of proof so that fertile ideas could be developed for any convenient sample of study and new performance tasks for research could be modeled.  Each group described deVilliers’ interpretation of this function, added a group opinion, and reported an example of a task that would demonstrate this role.  The following summaries review the group reports: 
Group 1-Verification: A convincing argument bolsters the conviction that a conjecture is true.  Testing whether or not a conjecture makes sense and fits with other logical relationships and properties is an important aspect of mathematical activity.  In one example, “Area,” (de Villiers, 1999, p. 73) students are given a pre-made sketch of the following quadrilateral.  They are asked to make a conjecture about the relationships between the area of IJKL and ABCD.  Of course, students will most likely use measurement tools to investigate, but the figure on the right provides a way for students to be convinced that the dissection actually divides the original figure into four equal areas.
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Figure 3.  Area comparison of quadrilaterals

Making the figure on the right requires transformations and is more rigorous than testing with measurements.

Group 2-Explanation: Accurate constructions and measurements confirm a conjecture but do not explain why it is true; they are convincing but do not provide insight into how the conjecture fits with other familiar results. For example, a visual proof that the triangle sum of angles is 180o occurs when the angles are cut out and placed on a straight line.  However, the proof provides insight into the necessity of the parallel postulate to establish the relationship.  This group also examined the concurrency of the medians at the centroid of a triangle.  Dynamic software provides a convincing demonstration of the validity of the conjecture.  The group showed how de Villiers’ activity, “The Center of Gravity of a Triangle,” (1999, p. 51) guides students to form a proof that explains the result with the use of auxiliary constructions, the midpoint connector theorem, and the properties of parallelograms.  Students also gain insight into the technique of using the intersection of two segments to show that a third segment determined by this intersection and a triangle vertex also has the properties of the first two segments, namely that it is a median also.

Group 3- Systematization: Tasks that investigate systematization use properties that students have previously studied.  They are not designed to determine whether these properties are true or not, but to investigate their underlying logical relationships.  Students develop an understanding of the role of definitions in an axiomatic system and investigate alternative but equivalent definitions.  Student definitions become both economical and hierarchical.  An example studied by this group was “Systematizing Rhombus Properties.” (de Villiers, 1999, p. 133)

Group 4-Discovery: Empirical work can lead to discovery of logical relationships when students participate in the explore/discover/conjecture/prove model of teaching geometry.  However, some results can be discovered in a deductive manner, i.e. proof may lead to proof.  When writing a proof, one may realize that the argument can be modified somehow to lead to other relationships and conclusions, and hence, other proofs.  This group shared the example of how students can discover the law of cosines in the process of exploring chord relationships in a circle using geometry software.  A participant showed how the theorem, “If two chords intersect in the interior of a circle, then the product of the measures of the segments of one chord is equal to the product of the measures of the segments of the other chord.” leads to the law of cosines.  The group also discussed the value of having students investigate false conjectures in order to underscore the idea that a valuable part of exploration is the search for counterexamples.  Consider: Given a rectangle, the area increases as the perimeter increases.  Finding and characterizing counterexamples of this statement show why a proof of the conjecture is impossible.

Group5-Communication: Both the “internal” communication required when one is thinking though a problem and the “external” communication required to share work with others encompasses all the roles of proof.  The group agreed with de Villiers (1999, p. 7) that proof is a form of social interaction and involves negotiating both the meaning of mathematical concepts and the criteria for acceptable argument.  However, they questioned isolating this role of proof in tasks because any task that could isolate use of any of the other roles would necessarily demonstrate communication skills.  In fact, de Villiers does not develop separate activities for this role.

Group 6-Intellectual Challenge: Sometimes we seek to prove a conjecture simply because it is there to be proved. The Pythagorean theorem is perfect example for thinking about proof in this way. Although one proof was certainly sufficient, there exists hundreds of proofs of this famous relationship. The challenge might be to find a proof that is more elegant more intuitive, or more direct. Proof as intellectual challenge also includes the mathematical activity of extension—changing initial conditions, removing or adding constraints, asking “what-if” questions and thinking outside of the box. This group shared an example of student work from a summer workshop in which inservice teachers explored proofs of the Pythagorean theorem and then extrapolated variations involving equilateral triangles and semi-circles on the sides of the right triangle.  They also showed how teachers extended their investigations by connecting the vertices of the squares on the sides of the right triangle to form three new triangles that each have the same area as the original right triangle. In this manner, experimenting with a well-known proof provided opportunity to explore then make and prove other conjectures. The proof itself served to stimulate further mathematical activity and proof.
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Figure 4.  Inservice teacher extension of the Pythagorean theorem

The culminating questions that occurred to several participants were, “How will students benefit from computer tasks that focus on the functions of proof?” and “Will these tasks transfer to design tasks so that students apply more theory to constructions?”  The group leaders’ charge to the working group participants was to investigate these questions by using an existing or developed assessment with a targeted group and report in 2002.

In addition to participant reports, the working group for PME-NA XXV will focus on an underlying theme in de Villiers’ work, the idea of making sense of geometry through verification, explanation, discovery, and systematization.  A key reading for this working group session will be “Sense Making: Changing the Game Played in the Typical Classroom.” (Flewelling, 2002). On the first day, the group will briefly summarize past work and call for participant reports.  We will review the new article and relate it to past work and tasks.  Student learning in elementary levels through college geometry will be the focus of the second day.  Participants will create and share sense-making tasks for various levels of students and discuss the implications such tasks/activities have for research.  On the third day, we will discuss how the tasks/activities might differ in design for preservice and inservice teachers when there are both mathematical and pedagogical learning objectives. Working group participants will be encouraged to find ways to use the tasks/activities in their research and teaching over the coming year.
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